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CHAPaSR I 


HTTRODUGIEION 


In this thesis, we study certain aspects of Harmonic 
inalysis of vector- valued functions, Ihe objects of study 
in Abstract Harmonic Analysis 

£[343 )> are the spaces of coup lex>- valued, integrable 
functions and measures on a locally con^jact group, ¥e 
propose to derive some results in the more generalised 
situation, where these functions and measures taice values 
in an arbitrary Banach space or a Banach algebra* Ihe 
theoay of vector measures and integration on arbitrary ^aces, 
has been developed in [1 15 3 j and more completely in [^ 13 * 
Using this theory, Hausner ([£lo3» [£ 123 ) and 

Johnson [£l8 3 studied the vector- valued group algebra 
1^(G,A) of A-valued (Bochner) integrable functions on G, 
where G is a locally compact abelian group, and A is a 
conmutative Banach algebra. We study this algebra in more 
detail. lie also prove some results on (G,2) and M(6,X), 
the space of X-valued, regular, Borel measures of bounded 
variation on G, where G is any locally compact group, and 
X is any Banach space. 

In tlB second chapter, we collect the basic definitions 
and loiown results that we shall need sub^quently. First, we 
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give a systematic review of the theory of vector measures 
and integration, with special emphasis on locally contact 
Ifeusdorff spaces. After that, we give the definitions 
and results on convolutions of vector— valued functions and 
measures on a locally compact group • Finally, we discuss 
tte module tensor products and their relation to multipliers. 
We avoid unnecessary generalities and present the results 
in the form in which we need them. In some cases, (e,g, 
the Riesz Representation Theorem for the vector-valued case) 
we give our own proofs. 

In the third chapter, we prove some results on ttB 
vector— valued group algebra L (G-,A), where G is a locally 
conpact abelian group, and A is a commutative, semisimple 
Banach algebra. The results connect some properties of 
Ii^(G,A) with the corresponding properties of A, We prove 
that (i) I.^(G,A) has a bounded approximate identity if 

and only if A has a bounded approximate identity, and 
that (ii) L^(G,A) is Tauberian if and only if A is 
Tauber ian. The main result of the third chapter is that 

Ij^GjA) is isometrically isanorphic to a group algebra if 
and only if A is isometrically isomorphic to a group 
algebra. It is already known (Theorem 3.2 of 
that if A is isometrically isomorphic to L (H), for seme 
locally compact abelian group H, then 1 (&,A) is isemetri,- 
oally isomorphic to L^(G x H), The question is whether 
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the converse is true'. In [[[3o3» Rieffel gives a chara- 
cterisation of those commutative Banach algebras which are 
isometrically iscmorphic to the group algebra of a locally 
coup act abelian group. We use this characterisation to 
prove our result, Ihus, apart from its intrinsic interest, 
our result gives an interesting application of Rieffel's 
results, Rieffel also character o^ed those Banach algebras 
which are isometrically isomorphic to M(H), the algebra of 
regular Borel measures of bounded variation on a locally 
compact abelian group H, We use this to prove that if the 
projective tensor product M(G-) A is isometrically 
isomorphic to M(H), for sane locally compact abelian group 
H, tlten A is isonetrically isomorphic to M(G^) for some 
locally conpact abelian group By theorem 4,2 of , 

there is an isometric isomorphism of M(G) A into M(G,A) 
and, under certain conditions, this isomorphism is onto, 
fhus, our result cn M(G) A gives a partial converse 
of the following result which v?e prove earlier. If A is 
isometrically isomorphic to M(H), for some locally conpact 
abelian group H, then M(G,A) is isometrically isomorphic 
to M(G X H), We do not knew whether the fu.ll converse of 
this result is true. It will be interesting to investigate 
this. 

She main result of the fourth chapter, is the character- 
isation of the continuously translating vector-valued measures 



4 


csn a locally coii 5 )act group, let G "be a locally compact 

group, and X a Banach space, Bor v Q M(G,Z), and s G G, 

u and iJi denote, respectiT/ely, the right and t]:^ left 
s s 

translate of u hy s. We prove that if y e M(G,X), such 

that either s or s — _,u is continuous, then 

1 

y 6 Ij (G>X) • The scalar-valued version of this result is 
well— known. In this case, the result is proved in §19,27 

of [I 13 3 proving the absolute continuity of u with 
respect to the Haar measure. The same proof can he modified 
in the vector— valued case, to prove that y is absolutely 
continuous with respect to tl^ Haar measure. However, this 
is not enough to ccnclude that y 0 L (G,X) because of tie 
absence of the Radon Hikiodym theorem in the vector-valued 
case. In G-audry has proved the scalar— valued case 

of this result by using Weil’s criterion [[iS] of relatively 
ccmpact subsets of Ii^(G). We first generalise Weil’s 
criterion to the vector— valued case, and then use Gaudry’s 
idea to prove our result. 

In the fifth chapter, we determine the multipliers of 
1^(G,A), where G is a locally ccmpact abelian group, and 
A is a commutative, semi simple Banach algebra with an 
identity of norm one. To do this, we first characterise the 
invariant operators (i.e, the operators which commute with 
translations) frcm I»^CG) into 1^(G,X), for any Banach 
space X. We prove that the space of invariait operators 
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1 1 

from L (G) into L (G,X) is iscmetrically isomorphic to 
M(G,X) • We also prove that the space of invariant operators 
of 1^(G,X) , is isometrioally isomorphic to t(X,M(G,X)), 
the space of hounded linear operators from X into M(G,X) . 
Using these results, we prove that the space of multipliers 
of If (G,A) , is isometrioally isomorphic to M(G,A), 
generalising a weli— known result (see Theorem 0*1*1 of 
[]]23 2]) in tie scalar-valued case. 

In the sixth chapter, we prove some general results on 
multipliers of certain commutative, semisimple Banach algebras, 
let T he a multiplier of a commutative, semisimple Banach 
algebra A, such that T is the product of an idempotent 
and an invertible multiplier. Then it is easy to see that 
T^(A) is closed. In the sixth chapter, among other things, 
we prove the converse of this for any regular, commutative, 
semisimple, Tauber ian Banach algebra satisfying a special 
condition. These results arose in connection with 
where the special cases of tlese results for 1 (G-) f were 
proved. The proofs immediately generalise to all Banacb 
algebras satisfying tie special hypothesis mentioned in §4 
of [373 • IjD. an attenpt to prove such results for the 
vector— valued group algebras, we managed to prove some 
general results applicable to a class of algebras- larger 
than those mentioned in §4 of 7 3 • exaiiple, our 

results are applicable to the following algebra which does not 
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satisfy the hypothesis of §4 of [I?]]]. let I he the 

1 “ - 

circle group, and let A = { f e 1 (1): 2 jnf(n)j < °° } 

“ ^ n = -CO 

v^ith j |f 1 1 1 = I 1^1 1 1 + ^ With the help 

of our general results, we are able to prove the corresponding 
results for seme vector— valued group algebras. We show that 
our results also apply to all Segal algebras, and this leads 
to an interesting proof of tlie already known fact (see 
Proposition 2,2 of ^21 3) that, for a Segal algebra on a 
noncompact group, there is no nontrivial compact multiplier. 
Finally, for u e M(G-), we prove that the existence of a 
bounded projection (not necessarily a multiplier) from L (G) 
onto V * 1^(G), implies that p * ^^(G) is closed if and 
only if p is the convolve of an idempotent and an invertible 
measure, Phis is a small step towards proving Glicksberg*s 
conjecture v * is closed if and only if 

p is the convolve of an idenpotent and an invertible measure, 
Phis conjecture has bean recently proved by B, Host and 
P, Parreau have an entirely different approach. 



OHAPIEER II 


TEGICH YAIUED KTITGIIOnS MD IIEASGEES 

2,1 7eotor~ valued set functioas t let S be an 

arbitrary set, and 2 be a a-ring of subsets of S, We 

define T(2) = { E C SjE H E e 2 for any ¥ Q Z} . It is 

easy to see that 2 C ‘r(2), and that 7(2) is a a-algebra 

of subsets of S . Moreover, if 2 is a a-algebra, then 

7(2) = 2* Let X be an arbitrary Banach space and let p 

be a set function from 2 into X, Ihe total variation 

T(p) of p , is a non^negative , extended realL- valued set 

function, defined for any ECS as follows, VCp) (B) = 
n 

sup{ 2 jjp(E. )lls E-*s disjoint, E. C B for 1 < i < n} 

i_l < 1 r • I 1 i _ - 

the supremum being taLen for all possible choices of E^’s* 
The proofs of the following are trivial (see 

Proposition 2,1 s '7 (p) is a monotonic set function, i.e, 

E^CEg implies V(p) (E^) < 'V(p)(E 2 )« 

Proposition 2.2s If p is finitely additive, then T(p) 
is finitely additive on 1(2)* 

Propositicxa 2,5 : If u is countably additive, then V(p) 

is countably additive on 7(2) • 

, Ayi X^valued measure cm. (S,2) is nothing but a 
countably additive set function from 2 into X, For any 
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X-valued measure p, |)y(E)jj for E 6 2, is 'bounded, ix is 
said to "be of “bounded variation if 'V(p) is finite. For 
two vector— valued measures v and v , y is said to “be 
absolutely continuous with respect to v , if Y(y) is abso- 
lutely continuous with respect to "yCv) . The space 
M(S,2,X) of X- valued measures of bounded variation on S, 
forms a Banach space under the norm j jy [ |^ = V(y)(S), 

2,2 Measurable functions s For x G X, and a scalar- 
valued function f on S, the X- valued function F = fx is 
defined by F(s) - f(s)x for all s G S, An X-valued 

function F on S, is called a simple function if it is of 
n 

the form F = 2 x™ where x- G X, and is the 

characteristic function of with E^ G 2, for 1 < i < n. 

(ifereafter, x^ will always denote the characteristic 

function of E.) F is called count ably- valued if F= 2 X-g x. , 

i=:l -“i 

where each x^j^ G X, and is a sequence of disjoint 

sets belonging to 2, let u "be a vector measure on (S,2) , 

An X-valued function F on S, is called y-measurable if 
there exists a sequence of countably— valued functions 
converging to P a.e. Cny)3. F is called we airly 
y,^easurable if the scalar— valued function ♦oF is 
yumeasurable for evercy G X*, the dual of X. We note that 
for scalar— valued functionsj any measurable function in tie 
sense of Bfeimos is w -measurable for any measure u . 
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Al s o, any y-measuralls, scalar-Talued function is equal 
a.e. D'(.-)3. to a measurable function in tbe sense of 
Halmos# Ihe following proposition is well-lmown (Theorem 
S.5.S of His:]), and provides us with a convenient way to 
test the measurability of vector- valued functions. 

Proposition 2,4: ? let u be a vector measure on (S,2) . 

An X— valued function ¥ on S, is y -measurable if and only 
if P is weakly y-measurable, and there exists a set 
EG S with V(v)(E) = 0, such that E(S-E) is separable. 

For an 31-valued function E cai S, jPj will denote 
the function defined by |E{(s) = jljP(s)|j for all s G S. 

2,3 Integration (Bochuer) ; Let X,Y,Z be Banach 
spaces with a bilinear map (x,y) -* x.y from X >« Y into Z, 
such that 1 |x.yl 1 2 < 1 |xl 1 lyl ly. The triple (X,Y,Z) 
will be said to form a Bilinear system of Banach spaces 
(see C let y be an Y- valued measure on (S,Z), 

and let E be an X^valued, simple or countably-valued 
function on S, of the form E = Z x^. E is called 

y-integrable if Z V(vi)(E^) Hx^H^- is finite, and in this 
case, we define f Edy = Z x^.y(E^) . /Edy is well-defined 
as a member of Z, since Z j |x^.y(E^) j j 2 < | 1 l^Mx 

11u(E^)11y< ? lx < “• A p-mieasurable, X-valued 

function E on S, is called y -integrable , if ttere is a 
sequence tE J - of X— valued, y— integrable, countably— valued 

XL Xl?s JL 
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functions converging to 1 a.e, with 

lim / dV(y) = 0. In this case, { / 

m,n-*«> 

is a Oauchy sequence in Z, and it can he shewn that 
lim / I? dy depends only on P, and not on the choice of 

31—00 ^ 

the sequence {!'„} • We define f I'dy = lim f • 

^ ' n ^ 

If F is y-3ntegrahle , and E e 2, then it is easy to 
see that is y~integrahle, and we define Fdv = 

r X-, F dy . We note that this integral of vector- valued 
functions with respect to vector— valued measures, satisfies 
all the typical properties of an integral. For example, 
it is easy to prove that j j/ F dy j | ^ / jFj dV(P) » Also, 
if F is v-integrahle, then B - /^F dy gives a Z-valued 
measure cn (S,S). 

We shall denote the field of complex numbers hy G. 

For any Banach space X, the triple (X,G,X) foimis a 
Bilinear system in a natural way, if we take x.a = ax for 
a G 0 and x G X* Ihis leads us to the theory of integra- 
tion of vector-valued functions with respect to scalar- valued 
measures, as developed in §3.5 — §3.8 in • In 

this case, we get the f ollowxng • 

Proposition 2.5 s let y he a scalar measure, and F an 
X»- valued, u-integrahle function on S. let I he a hounded 
linear map from X into another Banach space Y • Ihen 
G3- o F is an Y-valued, v-integrahle function, and 
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/ (I o P) dv = T( / F dw ) . 

Ihe proof is easy (see theorem 3,7.12 of [I 15 ] , and 
its subsequent comments) • 

Similarly (0,X,X) forms a Bilinear system under 
a.x = ax, for a G 0- and x G 2. Ibis gives the theory 
of integration of scalar— valued functions with respect to 
vector- valued measures. In this case, we get 

Proposition 2,6 : let y be an X— valued measure, and f a 
scalar- valued, u-integrable function onS. let I be a 
bounded linear map from 2 into another Banach space Y, 

Ihen I 0 u is an Y- valued measure, f is (I o u) integrable, 
and 

/ f d(I o y ) = I( / fdy ) 

The following proposition provides us with a convenient 
way to test the integrability of vector- valued functions with 
r e sp e ct to ve ct or- value d me asur e s • 

Proposition 2,7 ; let y be an Y- valued measure, and P an 
X- valued, y -measurable function on S. Then the following 
are equivalent. 


(a) ■ 

F 

is 

y-integrable , 

(^) 

|Pl 

is 

v-integrable . 

(c) 

F 

is 

V (y )-integrable 

(d) 

iFl 

is 

Y( y)-integrable 


The proof is similar to that of Theorem 3.7.4 of • 
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2.4 Spaoes of Integrable funotions i Let X be a fixed 
positive measure on (S,2). !E?/o X-me as arable , X- valued 

functions on S are called X -equivalent, if they are equaZ 
a.e,(x). I'or 1 < p < °°j lP(S,S,X,x) will denote tbe 
set of X -e quivalence classes of X -measurable, X- valued 
functions, such that, if F is a representative of an 
equivalence class belonging to (S,r,X,X), then (/ jI'|^dX)^/P= 
I 1 1^1 1 Ip “• L^(S,2,X,X) forms a Banach space with tte 

norm | | !•! | L» (L^ the scalar— valued case, the nom will be 

ir 

denoted by j | .j L» instead of 1 1 | •] 1 U) • usual, by a 

ir Jr 

function in I?(S,2 ,X,X), we shall mean the corresponding 
equivalence class. If, in a particular context, tite choice 
of 2 and X are clear (e.g, for a locally compact group, 
the a— ring of Borel sets and the left Ifear measure), then 
these spaces will be denoted by I?(S,X). 

If we take any B e L (S,2,X,x), tten frar the definition 
and Proposition 2,7, it follows that P is X— integrable . 

Hence, we can define the mapping 2 - X, by Vji(E) = 

Pd^ • It is easy to see that is an X-valued measure 

of bounded variation on S, and that p -*■ gives an 

isometric imbedding of 1^(S,2,X,X) in M(S,2,X) • When 
there is no scope of confusion (as in Chapter V), we shall 
use the same symbol for P G L (S,2,X,x) and its canonical 
image in M(S,2,X). Similarly if u e M(S,2,X), then 
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’* w is in L^(S,2,X,X)* ’ ?/ill mean that p is of the form 
for some P e 1^(3, 2, A, l) , 

All the scalar-valued function and measure spaces will 
he denoted hy the corresponding symbol for the vector— valued 
case, with the index *X* suppressed. Thus, rf(S,S,^) will 
denote the usual scalar-valued spaces, M(S,£) will he 
the space of complex measures and so on, 

2,5 L (S,2,i,X) as a tensor product ; let E and E 

he two Banach spaces, TIk algebraic tensor product (see §6 

of C! 36 [3 for definition) will he denoted hy E ® E, Every 

element of E ® E can he esspressed as a finite sum 2 X- 

i 

(e. 0 f . ) (the sum over eipty set being O), with each 

JL i4» 

6 0, e^ G B and f^^ 6 B, All eq.uivalent esjpressions for 
the same element of E ® E can he obtained frcn one such 
espression hy the use of the following identities, 

X(e 0 f) = (Xe) 0 f = e 0 (Xf) 

(e^ + eg) 0f = e^^f + Sg®! 

e 0 (f^+ ^g) “ e 0 f^ + e 0 fg , 

The greatest cross-norm (see []] 37 J) on E 0 E is 
given hy 

= tof { 2 l|ejl llfjl . t = 2 
where the inf iTninri is talcen over all possible esspressions of t, 
TIb projective tensor product of B and E (see 
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denoted by E 0^ E, is nothing but the ccanpletion of 
E 0 E with the greatest cross-norm. Ewer y element 

oo 

t G E 0„ E can be expressed as t = S e. 0 f-j with 
^ i=l ^ 

each e. G B, and f . G E, such "that 

1 ' 1 ’ 



The projectile tensor product satisfies the following universal 
property with respect to bounded bilinear maps from E x E, 
the cartesian product of E and E. Any bilinear map T 
from E X E into a Banach space H, such that j |T(e,f)j) 
<Kjje|| Ijfll, gives rise to a bounded linear transformation 
Ty, from E 0 y E into H, with j | Ty| | < K, such that 
Ty (e 0 f) = T(e,f) . 

Let f G 1^(S,£,X) and let x g X* I'fe ts easy to 

see that the X-valued function fx G 1^(S,2,X,X), and that 

lllfx] j 1^ = 1 Ifj 1 1 I Ixj j . ifence (f ,x) - fx gives a bounded 

bilinear map from L^(S,2jX) x x into 1 (SjE,X,X) • The 

resulting bounded linear mapy from L (SyEyX) 0y X into 

L^(S,2,X,X), can be proved (see 6.5 of to be an 

isometric isanorphism between these two spaces. This implies, 

n 

in particular, that functions of the form 1 ^i^i’ 

X— 1. 

each f. G L^(S,2,X), and each x. G X, are dense in 
1^(S,2,X,X). 
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2.6 Radon Nlkodym Property : WRen u G M(S,2,X) is 

oi -the form for seme R e L^(S,S,X,X), then we shall say 

that V has the derivative R with respect to X , x is said 
to satisfy the Radon-Rikodym property (X has RNP), if any 
X-valued measure w of hounded variation on an arbitrary 
measurable space (S,2), has a derivative with respect to 
V(y) • Any reflexive Banach space and any separable Banach 
space which is the dual of some other Banach space, have 
RNP (see [^27]]] and [22]3). An example of a separable 
Banach space which does not have RHP is 1 [OjlJ (see 

If X has REP, then for any positive measure X 
on (S,2), the canonical image of L (S,2,X,X) in M(S,S,X), 
is precisely the set of measures in M(S,2,X), which are 
absolutely continuous with respect to X , 

2 .7 Locally compact Hausdorff space. Regularity ; let S 
be a locally compact Hausdorff space, and let 2 be the 
coring of sets generated by the class of compact subsets of 

S* By *Borel sets’, we will mean tt^ sets contained in S. 

It is easy to see that every open set belongs to ‘r(E), 

(By ’Borel sets', some authors mean tl^ elements of tte 
cr^algebra generated by the open sets.) By a vector- valued 
Borel measure on S, we shall mean a vector measure on tte 
o^ing 2 of Borel subsets of S . Any scalar-valued continuous 
function vanishing at infinity, is Borel measurable in the 
sense of Halmos hence (see §2,2) is p-measurable 

for any Borel measure y • 
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Let y be any X- valued set function on 2. y is 
called regular if for every S 6 2, and for every e > 0, 
there exists a compact set K and an open set U, with 
KC ECU, such that, for any E G 2 with KC ECU, we 
have j jp(E) - y(E)j [ < e. A positive, extended real- 
valued, Borel measure p is called regular if, in addition 
to the above condition, we have u(K) < °°, for any compact 
set KC S. u is called inner-regular, if for every El e 2, 
and for every e > 0, there exists a contact set K C E, 
such that, for any E e 2 with KC EC E, we have 
jly(E) - v(E)}j < e . Similarly, we can define outer- 
regularity, It is easy to see that if y is finitely 
additive then y is regular if and only if w is both inner 
and outer— regular • The following proposition shows that 

for finitely additive set functions of bounded variation, 
the conditian of regularity is much stronger than it appears. 

Proposition 2,8 ; Let y 82 X, be a finitely additive set 
function with finite variation » Tien y is regular 

if and only if 'V(y) is regular. 

Proof 8 The proof of the ‘if* part is trivial, because of the 

fact that, V(y) is finitely additive, and that |{y(E)|j < 
V(y)(E) for E e 2, 

Oonversely, if y is regular, then by Proposition 19 
of S15 of [[ 13 , V(u) is inner regular. Regularity of V(y) 
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will new follow from Proposition 4 of §15 of [[ !]» if we 
can prove that for every E G S, there exists E’ G 2, such 
that EC Interior E’ • But this is easily proved and our 
proof is complete , 

Prom Proposition 2.8, it follows that an X- valued, 
finitely additive function of hounded variaticaa on I, is 
regular, if and only if for every E G 2j and for every 
e > 0, there exists a compact set K and an open set TJ 
with KCECTJ, such that V(u) (TJ-K) < s . Using this, 
the following is easy to prove (see the comments following 
Definition 11,6 of [^IV^), 

Proposition 2,9 . A finitely additive, regular X- valued set 
function on S is countably additive • 

The space of regular, X- valued Borel measures of bounded 
variation cai S will be denoted by M(S,X). M(S,X) is a Banach 
space with the norm j jy| = Y(y)(S). If X is a positive, 
extended real— valued, regular, Borel measure, then any 
X-valued measure absolutely continuous with respect to X , 
is also regular, Efence, in such a case, the canonical image 
of I^(S,2,X,X) in M(S,2,X), is actually contained iji2il(S,X). 

2,8 Gq(S,X) and its dual; Let S be a locally 
coii 5 )act Hausdorff space. An X-valued functiexa P on S, 
is said to have compact support, if [Pj has conjjact support, 
P will be said to be vanishing at infinity, if jp{ vanishes 
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at infinity, 0^(3, X) will denote the space of X^valued 

continuous functions on S, with contact support, 0^(3, X) 

wiH denote the space of X-valued continuous functions on 3, 

vanishing at infinity. 0^(3, X) with the norm 1 1 | l^o = 

sup ll^'(s)| j is a Banach space and G (S,X) is dense in 
s G 3 

0^(3, X). let X he a regular, positive, extended real- 

valued, Borel measure . It is easy to show that the functions 
n 

of the form 2 f^-X-, with each f^ G G-(G), and each 

i=l ^ ^ ^ u c 

x^ G X, are dense in L'^(3,2,X ,X) • In particular, Gq( 3,X) 
is dense in I (3,2,X,X), Moreover, the following is easy 
to prove • 

n 

Proposition 2,lo: The functions of the form 2 , with 

i=l ^ ^ 

% e Oq(S) and G X for 1 < i < n, are dense in 0^(3, X), 

In the s calar— value d case, hy the Riesz Representaticn 
theorem, the dual of 0^(3) is isometrically isomorphic to 
M(S) . The analogue of this in the vector-valued case, is 
the following. 

Theorem 2.1 . (Riesz Representation Theorem) s let u G M(S,X^ 
where X* is the dual of X. Then v defines an element of 
the dual of 0^(3, X), in the following way, <p,P> = / Pdu , 
for every P G 0^(3, X). This correspondence gives an 

isometric isomorphism between Gq(S,X)* and M(S,X*) • 

This result is well-known, and follows from §19 of 
Por compact S, this is also proved by I .Singer 
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(see the proof of Theorem 5,2 of |~22 :)• In the following, 
we give a sinple proof of Theorem 2,1, based on the correspond 
ding result in the scalar— valued case. 

Proof of Theorem 2.1 s Let P e 0^(3, 2) and v e M(S,X^) . 

The triple (X,X*, 0) forms a Bilinear system and hy §2,3, 
f Pdy will he defined as a coup lex number, if P is 
y -integrable , How for any 4> G X* and P e 0q(S,X), 

<l>oP is a scalar- valued, continuous function vanishing at 
infinity and iBnce is y —measurable , Thus, P is weakly 
y —measurable , Also, the range of P is separable, since 
P G 0 (S,X). Ifence, by Proposition 2,4, P is y -measurable , 
Moreover, / 15*1 v) < 1 1 } | 1 y 1 j ^ Thus, by 

Proposition 2,7, P is y-integrable, and )/ Pd;i j ^ 

1 1 jpj 1 1 oJ jy 1 1 • Obviously, P <y,P> = /Pdy , is linear 
and thus, each U G M(S,X*), defines an element of G^(S,X) , 

Ocnversely, let L 6 0j^(S,X)*. Por any x G X, define 
G^(S) - 0, by = I-Cfx), for any f G G^(S). 

jl(x) obviously linear. Also |jt^^^(f)| = jL(fx)j 

< iiiii iiifxiiL= Hill iixinifiL. iius jWe c„(s)* 

and j 1 1 < 1 [I'j j j |x| j , By the Riesz Representation 

*" (x^ 

theorem for the scalar-valued case, there exists y' ^ G M(S), 

such that il^^\f) a / fdy^^^, for all f g 0^(3), Also 
1 It = 1 i 1 < lli'l 1 1 |3i;| 1 • How for Eel, 

1«(^)(B)1 < ll»^^hlv< Ill'll 1 1^11* 
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gives a iDounded linear functional on X. ¥e denote tliis 
element of X* Toy yj^(E), and we liave j | y-j^(B) j | <_ j|l|j, 

Ercm the definitions, it is clear that yj^ is finitely 
additive on E. T/e shall now show that y^^ is regular and 
of loounded variation, and then Toy Proposition 2,9, we will 
he able to conclude that yj^ 6 M(S, X^ . 

Let Oq(S)'*’ = {f e Cq(S)« f > 0 > . Define a nonnegative 
function L^ on G^(S)*’‘, hy D^(f) = sup {jl(P)|!P e 0^(3, X), 

|P| <_ f } . It is easy to prove that 1^ is additive on O^CS)"^, 
and L^(af) = al^(f) for any f G and a > 0. Moreover, 

for PG0^(S,X) with lPl<f, !L(P)( <11111 IllEllLi 
Ill'll I If 1 loo • therefore, D^(f)<llDll 1 If] U* So 1^ can 
he extended to the whole of 0^(3) to give a positive, hounded 
linear functimal on 0^(3), with llD^ll <_ jlL|j. Now, if 
P G Cq(S,X) with lllPllLil, then lD(P)l< Vl^Di 
llL^ll. Therefore, I iDl 1 < 1 l^vl 1 » hence 111^11 = 111*11. 
Let X he the positive measure in M(S), which represents 
L^. Then L^(f) = f fdX , for any f 6 0^(3), and | iL^l j = 
11X11^, If P G Oq(S,X), then |L(P)1 < I^C 1 p1 ) = /I I*} dX . 

Kow, let f G 0^(3)'*’. Por x G X and e > o, choose g G 0^(3), 

such that lg| <_ f and [/gdy^^^l + e > / fdV(y^^^), Now, 

I /gdy^^^l = lA^^^(g)l 
= ll(gx)l 
< f-vCll^llf) 

= 1 1 ^ 5:1 1 

= I |x| I / fdX , 
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Therefore, / < l|xj| / f dX + e . Since c> 0 is 

arbitrary, we get / fdV(v^^^) < | jxj j / fdX . This shov'/'s 
that <_ I [xj j X • Ifence for ary BBS, ] v^^^(E)| ^ 

Y(y^^^)(E) < jjxllX(E). Therefore, | | Pj^(E) j j < X(E). Since 

this is true for any EG 2, we have Y(wjj) < ^ • Thus Wj, 

is of bounded variation and is regular. Hence G M(S,X^, ' 

and also 1 I 1 ^ < | j 1 1 1 y = 1 1 ^1 1 • 

( 

Erom the definitions, it is clear that xoVt, = v for 

n 

any x G X. So if we tahe P G 0^(3, X) of the form 
with each x^ G X and each fj^ G OqCS), then from Proposition 
2,5 and 2,6, it easily follows that / Ediij^ = • SinTO tte 

functions of this form are dense in 0^(3, X), we have 1(E) = 

/ EdWj^ for any E G 0^(3, X) , It also follows that lIi(E)j « 

1/Edy^l < lllEljl^ II^lUv’ - il'^lllv* 

we have already proved j juj^j — I 1^1 1 > have j j j = | |l>| [ • 
Moreover, it is easy to see that the correspondence L -♦ Vjq 
is linear and our proof is coii$>lete , 

Notes If G is a locally compact abelian group, then 
the correspondence of Gq(G,X)* and M(G,X^ will be taken 
in the following way for convenience, 

<M ,E> = / E(-.x) dy(x) • 

G 

2,9 Product Measures! let (X,Y,Z) be a bilinear 
system of Banach spaces. Let S and T be locally conpact 
Hausdorff spaces and let S ^ r be their cartesian product. 
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Leij Zg, and ^3 x 3 } denote ttie a— ring of Borel sets on 

S,T and S x 0 ? respectively. If u G M(S,X) and ve M(T,Y), 

tlKn by theorem 11,8 of [[ there exists a unique 

XG M(Sxl,Z), such that X(a x B) = 11 (A). v(B), for all 

A G S 3 and B G S^. Ihis X is called the product measure 

of y and v , and is denoted by v x v , Por B C S x 1 and 

s G S, define = {t G Ts (s,t) g S) and for t G 1, define 

“fj 

E ~ {s e S*(s,t) G E } • If E G Sg X 2 }» then B^ G Sqi and 
E G Sg for any s G S and t G !• If E,v,v are as above, 

then define <l'jj-SS -* J by and X by 

^^(t) = y(E^). We. then have the following (Iheorem III.l 

of Civ]). 

Proposition 2.11 } Let B G Sg ^ jij and p , v be as above. 

Ihen the f oil owing are true • 

(a) If V (B^) is separable, then ^ 

y -integrable and / 4 ijjdy=yxv (e) , 

(b) If ^(^ 3 ) is separable, then ^ 

v-integrable and / ipjjdv = y x v(E) . 

2,10 Locally compact group; Convolutions t Let G be a 
locally compact group with a left invariant Haar measure x • 

S will denote the a-ring of Borel sets in G, As discussed 
in 12,4 and 52,7, we can form the various ^aces of X-valued 
functions and measures on G, e.g. iP (G,X) for 1 ^ p < ““j 
M(G,X), Gq(G,X) and Oq(G,X) . As mentioned earlier, the 
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index 'X* will be suppressed in these notations, when X = 0. 
Since X is regular, 1 (G-,X) can be imbedded canonically 
in M(G,X). 

For any function F on G-, and any s G ^ will 
denote the left translate of F by s, defined by = 

F(st) • Similarly, we define the right translate F^ by 
F (t) = F(ts). For measures v , the left and right translates 
are defined by gVi(B) = p(^) and Ug(E) = A(s ) v(Bs) for 
any B e 2. Ifere A is the modular function of G, and is 
introduced in the definition of so that for p. G 1 (G,X), 

the two definitions coincide. If F G I^’CGjX), then both 
F and F belong to 1^(G,X) for any s G G. Moreover, 

lll/lllp= lIlPlllp = &(s-")3^^>|||3?lllp- 

It can also be proved, that the map s ^ of & into 

lP(G,X) is right uniformly continuous, and that the map 

s -* F„ is continuous, 
s 

If g G i\g) and F G L^(G,X), tlen using tie Boclner 
integral as defined in §2,3, we can define the convolution of 
g and P by 

g » F(s) = / g(st)F(t-^)dX{t) = / g(t)F(i;-^s)a»(1;) ' 

G G 

for almost all s, g * F so defined, belongs to tf(G,X), 

Ills *^lllp < lUlll lll^lllp- Similarly, if g G I^(g) 
and F G Oq(G,X), then we can define g *F in the same way, 
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and we have g * P e Cq(&,X) with \ \\g * S') } l^o < 1 Ul ii 
|jlP|ll^. In. this way, L^(G,X) and 0^(0-, X) hecome 
left L^(G-)-.modules . 

If P e and g e L^CG) (p* = , 

1 . ^ 

— =0 if p = l), tien we can also define 

P’ 

P * g(s) = / A('t'*^)g('t)P(st"‘^)dX(t) 

& 

= / g(ts)P(t“*^) A(t“^)dx(t) 

G 

for almost all s. P * g G Ii^(G,X), and j j |P * gj | jp 
1 1 1 1^1 I Ip II A’’^'^^*g| li* If support of gC Kp and support 
of P C Kg, then support of g * P C and support of 

P * g C The proofs of these facts are exactly similar 

to the case when X = C(see []] 13 ^ ) • 

; 2 _ 

2 ,11 1 (G,A) as a Banach algebra : If G is a locally 

contact ahelian group, and A is a commutative Banach algebra, 
then 1^(G,A) forms a commutative Banach algehra (see Don, 
and [Il83)> where multiplication of two elements 
P,G e 1 (G,A), is defined hy the convoluticn, 

P * G(s) = / P(st) G(t‘‘^)dx(t) 

G 

Let a e A and P G L (G,A) • We define the function 

1 

aP hy (aP)(s) = aP(s) • It is easy to see that aP G L (G,A) 

and I i I } 1 i < 1 1 al 1 ini'! Ill* In this way, I^(G,A) forms 
a Banach A-module, It is also easy to prove that for any 
f G L^(G), a G a and P G L^(G,A), (fa) » P = a(f * P) = 
f * (aP) . 
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Gelbaum and Icmiyama ^ 3 shown that if 

A and B are commutative Banach algebras then A ® ^ B 
forms a commutative Banach algebra whose maximal-ideal space 
is homeomorphic (under the w'*— topologies) to -the cartesian 
product of the maximal— ideal spaces of A and , B» She 
following is proved ( theorem A of [3 6 3) u-sing the 
Gelfand transform* 

Broposition 2*12 . If and Ag are commutative, semi- 
simple Banach algebras then Ajj^ 0 ^ ^ identity if 

and only if both A^ and Ag iiave identity. 

We have already noted that as a Banach space, I (G-,A) 

is iscaaetrically isomorphic to B (G-) 0 y A* If A is a 

commutative Banach algebra, then this isomorphism is actually 

a Banach algebra isomorphism. Thus the maximai— ideal space 

of I.\g,A) is given by r x M(see also C 10 3 and 

wlBre r is the dual of G, and M is the maximal— ideal space 

of 4. Bor Y G ** m e W , tte multiplicative linear 

1 

functicnal (yj®) on B (GjA) is given by 

(Y,m)(B) = m( / YPdA) = / Y(m o B>dX 

G G 

It is easy to prove that ^ 1 I *• 

Indeed, from the above it follows that l|(Yfia>ll i * < 

B (G,A) 

1 1^1 1 *• otl»r inequality, choo^ f G B^(G) such 

A 

that f(Y) = / YfdA - Ilf 111 = soJbitrary ® > 0, 
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choose a e A, such that, | jaj } = 1 and m(a) > | |m| j - e* 

Then j | |faj ] L = 1, and (Y,m) (fa) = m(a) > 1 lm| | ^ - e. 

“A 

Since e is arbitrary v/e get, j | (y ,m) { [ ^ ^ 1 l^l 1 it* 

1-^(G,A) A 

The following are well-kriovm. 

Proposition 2»l5 : 1 (G,A) is semisimple if and only if A 

is semisimple (see Theorem 3.1 of [[IS 3)* 

1 

Proposition 2.14 t L (G,A) is regular if and only if A is 
regular (see Theorem 3 of 

Definition ; A commutative, semisimple, regular Banach algebra 
is called Tauber ian if the subalgebra of A, consisting of 
elements with coup act ly supported Gelfand transform, is dense 
in A. 

Proposition 2.15 ; L (G,A) is Tauber ian if A is Tauber ian 
(see the proof of the main theorem of ^11 D- 

In Chapter II I, we shall prove seme other similar 
properties of L (G,A) . 

2*1E Canvolutian of Measures ; let (X,Y,Z) form a 
Bilinear system of Banach spaces, let v G M(G,X) and 

V 0 M(G,Y) • Then, using the notion of product measures, we 

can define (see ^ convolution of p and v by 

V # v(B) = yx V ( 13 ) » where E G S, and E 2 = {(s,t) G G x G-j 
st G B } . As has been shown in Theorem IT .2 of 1*? 3 > 

y * V e M(G,Z) and T( y # v) < T(ix) * T(v) . It is also 
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easy to shovf that, (v*'^)s“ "'^s 

for any s G &• 

If v(2), the range of the measure v , is separable, 

then hy Proposition 2.11, we get v x vCBg) = / (s)dp(s). 

G 2 

Here, = '’((^ 2 ) 3 ) (^2^8 = ^ ^ d;(s,t) G Eg } = 

s*“^ . Ih.us, we get, 

y * v(E) = / v(s’*^) dy(s) (2.1) 

G 

Similarly, if y(2), the range of y , is separable, 
then we get 

y * V (E) = / y(Et"^)dv(t) (2.2) 

G 

If X is any Banach space, then ( 0 ,X,X) and (X,G,X) 
form Bilinear systems. So, given y G M(G,X) and v G M(G), 
we can define y * v and v * y as elements of M(G,X)» 

If y G M(G,X) and V G L^(G), then by our results ija 
Chapter IV (Theorem 4.5), it will follow that y * v and v* y 
belcmg to L^(G,X). We shall also see that if y belongs to 
L^(G,X), then these definitions of y * v and v * y agree 
with the earlier definitions given in §2.30. 

If y G M(G,X) and v G M(G), then eq.uatton (2.1) is 
valid, since v is scalar-valued. Similarly, we also get 

V* y (E) - / v(E t"^) dv(t) (2,5) 

G 

Tf v(2) happens to be separable, then equation (2,2) is 


valid and also. 
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V * v (E) = / y(s“^) dv(s) (2.4:) 

G 

However, ±n. this case, equations (2,2) and (2,4) are valid 
under weaker conditions also. 

Pr op os ition 2 ,16 ; If ye M(G,X), and v e M(G), then 

-^1 

equation (2,2) is valid whenever tl® function t -♦ y(Bt**‘ ) 

has a separable range , 

—1 

Proof ; The function t y (Bt ) is weakly v-measurable 
for any measure v • Hence, it is v-measurable whenever it 
losLS separable range. Also, 

f\ lyCBt"*^)! ldY(v)(t) < / V(y)(Bt“^)dY(v)(t) 

G ^ 

= V(y) * Y(v)(B) . 

Hence, by Proposition 2,7, t -♦ y(Et ) is v— integrable and 
the right hand side of equation (2.2) is defined, How, for 
any G X* , 

<0(/ y(Ef*^)dv(t)) = / $ oy(Bt"^)dv(t) 

G G 

= (^'Oy) * v(E) 

Prom equation (2,1), it easily follows that 4>o(v * v) = 

(4> ow) * V , ;^nce , 

4'o(v*v)(B) = (<^ * v(E) =<^(/ y(Bt”^)dv(t)) 

G 

Since <j> G X* is arbitrary, we see that equation (2,2) is 
valid and our proof is complete. 
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Siinilarlyj, we can show that equation (2 .4) is valid 
whenever the function s -* y (s”^) has separable range ► 

2 .13 as a Banach algebra ; let G- be a locally 

compact abelian group, and let A be a commutative Banach 
algebra, Ihen (A, A, A) forms a Bilinear system of Banach 
spaces, and given y ,v G M(G,A), we can define y * v G M(G,A), 
which satisfies | | y ^ v j 1. 1 1 v 1 1^ 1 I It- • also 

assume that the range of every yG M(G,A) is separable, 

This is true if A has HIP, or if G is second countable. 
Under these conditions, the convolution so defined is 
associative by Theorem IY,4 of Moreover, since 

G is abelian, it is easy to prove that the convolution is 
commutative. Thus under these conditions, M(G,A) is a 
commutative Banach algebra. The algebra 1 (G,A ) is a 
subalgebra of M(G,A) , Moreover from the results of 
Chapter Y (lemma 5,7) it will follow that 1 (G,A) is an 
ideal in M(G,A) . 

There is a natural Banach space isometric isomorphisn. 
from M(G) ^^A into M(G,A) (Theorem 4,2 of ^22^), This 
is also a Banach algebra isomorphism. If 4 has HUP, then 
this isomorphism is onto (Theorem 4,4 of 

2.14 Module Tensor Products and Multiplier s s let A 

be a Banach algebra , 4 Banach space V is said to be a left 

Banach iwmodul-e, if there exists a moping (a,v) -* a o v frcm 
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A X V into Y, such that Y is an algebraic left module 

over A with respect to o, and for which | [aov| j £ 

j jaj j 1 jv] 1 , for all a e a and v G Y, Similarly, we can 

define right Banach A-modules * Bor a locally coirpact group 

G, the spaces M(G,X), 1^(G,X), 0^(0, X) are left Banach 
1 

Jj (G)Amodules under convolution. 

If Y and W are A— modules, then the A— module tensor 
product Y is defined (see ^31]] and [l32]J) to be 

the quotient Banach space Y ® y where K is the closed 

line ah sub space of Y spanned by the elements of the 

form (aov) ® w—v ® (aow), with a G A, v G Y and id g W. 

A continuous linear transformation from Y to W is 

called an A-module homomorphism, if !I)(aov) = aof(v), for aU 

a G A and v G Y. She space of A-module hcmcmorphisms frcm 

Y to W, denoted by Hcm_^(Y,W), is a Banach space under the 

operator norm* Hcm^(Y,Y) will be denoted by Hcm^(Y) • 

Moreover, we will write 0 p for ^ i > a^ad HctaQ for 
’ ^ L (G) 

Horn 1 • 

l'^(g) 

Rieffel has shown (2.12 and 2,13 of ihai -^here 

is a natural isometric isomorphism between Haii^(V,W^ and 
(Y ® under which, the linear functional on (Y (g* ^)f 

which corresponds to an operator f G Hcmj^(Y,'W ), has the 
value < I(v), (D >, at the element v g> oa of Y W . We 
shall mate a crucial use of this in Chapter Y. 
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Let A "be a commutative, semisimple Banach algehra, 

A hounded linear operator T of A is called a multiplier 
if for any f, g G A, f(fg) = fl(g) (see [^23]]). Kow A 
forms a left or right Banach A-module under multiplication.. 
Obviously the multipliers of A are nothing hut tte 
A-^odule horn an orp hi sms of A. If I is a multiplier of A, 
then there exists (see Q233) a- continuous function I 
(called the Gelfand transform of I) on M , the maximal ideal 
space of A, such that 1(a) (m) = a(m) [I!(m) for all a G A 
and m G M , where a denotes the Gelfand transform of a. 
Also |$(m)l < I jljj for any m G M . In Chapter Y we 
shall determine the multipliers of L (G,A), and in Chapter 
VI we shall prove some results <m multipliers. 



CHAPm III 


L^(G,A) AS A GROUP ALGEBRA 

3,1 Throughout this chapter, G will denote a locally 

compact ahelian group with dual r , and A will be a conmu- 

tative, semisin^le Banach algebra with the maximal- ideal space 

M , It is well— known (Theorem 3,2 of d 18]]) that if 
1 

A = L (H), for some locally cciapact abelian group H, then 
L'‘‘(G,A) is isometrically isomorphic to L (G x h) • The 
main result of this chapter is a converse of this. We first 
prove certain simple properties of B (G,A) » We include 
these preliminary results only for the sake of ccmp lateness • 
Though we did not see these in the literature, these may be 
well-known otherwise, 

mvy>n-rATn 3.1 L^(G,A) has a bounded approximate identity il 

and only if A has a bounded approximate identity . 

Proof ; lat A have a bounded approximate identity with 

bound M. Let P e L^(GfA) and e > 0. Choose a. G A 

n 

and f. G L^(G) for 1 < i < n, such that tils'-. 2 f^a^j jl^ 

i X=1 

< e . let M. = max Ha. jj, and Mg = max Hf.jl^. 

^ 1< i^ ^ l<i<m 

Choose b 6 A with Hbji <M, such that |lbaj_-a^ll < > 

for 1 < i < n. Choose f G L^(G) with | [fj 1, such that 

I |f *fj_-f^l 1^ < > for l<i<n. Take = fb. Then 
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1 

5'^G L (G-jA) and | [ j <_ M . Moreover, an easy compiu- 

tation shows that | ] i il 1 (H+3) e. Since c is 

1 

arhitrary, we see that 1 (G,A) has a hounded approximate 
identity with hound M* 

1 

Conversely, let 1 (G»A) have a hounded approximate 

identitjr with hound M. Let a e A and e > 0. Choose 
1 

any f e L (G), such that f is normegative with | [fj = 

f fdx = 1, Since 1 (G,A) has a hounded approximate 
G 1 

identity, there exists F G L (G,A) with such 

that I I [ (fa) * F - (fa) | 1 j £ e • I^t h = / FdX , Then 

h G A with llhjl < M. Moreover, hy Theorem 2,1 of 

\ 

f (fa) * F dX = ( / fadX ) ( / JdX) 

G G G 

» ah 


Ifenoe, 

1 1 ah-al j = 1 1 / (fa) * FdX - / fadX j | 

G G 

< / I l(fa) ^ F - (fa)l j dX 

G 

= I j I (fa) F - (fa) I 1 < e . 


This proves that A has a hounded approximate identity with 
hound M and the proof of the theorem is complete. 

The following is the converse of Proposition 2,15, 

Theorem 3,2 If 1^(G,A) is Tauherian then A is Tauherian, 

1 

Proof; Let a G A and e > 0. Take f e L (G), such that 

f is nonnegative with | Ifl f^^ = Since L (G,A) 

G 
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i 

is lauberian, there exists P e L (G,A), such that the 

Gelfatid transform of P has con^iact support K, and 

I I j (fa) - Pj I [ ^ < e . Talce = { m e M s (l,m) 6 K ) . 

We note that KC r ^ M , the maximal-ideal space of 1 (G,A), 

and 1 denotes the identity element of r. Obviously is 

compact, and if we take b = / PdX , then it is easy to 

& 

see that the Gelfaad transform of b, is supported in 
Moreover, 

I |a-bj I = I ja/fdX - /PdX j | 

G G- 

< f \ l(fa) - Pj l<iX 

G 

= lll(fa) -P|lli< e . 

Efence A is lauberian, and this completes the proof. 

3,2 L^(G,A) as a group algebrat We shall now prove, 

theorem 5.5 ? L^(G,A) is iscaaetrically iscmorphic to L^(H) 

for some locally compact abelian group H, if and only if A 
is isometrically isomorphic to L (G-^) for seme locally 
compact abelian group G^. 

lo prove this tteorem we shall use the result of [3 ^^3* 
wtere a characterisation of the group algebra of a locally 
compact abelian group, is given. We need seme definitions 
(see [2 30 1). ifereafter we shall write ’m»l.f.’ to mean a 
multiplicative linear functional. 

Let m he any non— zero m.l.f. of A. Define 
{ a e At m(a) = j |m| j j jaj j } . It is easy to prove that 
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P is a norm-closed cone of A, such that P nC-l*™) = { 0 } • 

' tli ui 

By the order induced hy m, we shall mean the partial order 
induced hy P^ on A. ¥e define « { a-hj a,h 6 P^} • 

A m.l.f . m of A is said to he 1* -inducing, if the following 
conditions are satisfied. 

(1) llmll = 1 

(2) P^ is a lattice under the order induced hy m. 

Shis will iB^ly that is also a lattice (see page 34 of 

(3) If a,h G and a A h = 0, then j ja+hj j = j j a^hj j 

(4) For any a G A, there exist unique a^, a^ G 

such that a s= a^ + (We shall write a^= Re (a) and 

ag = Im(a) .) 

(5) Defining {aj = ® G [p, 

we have } jaj | = j j }aj | { . 

We note that if (1) — (3) are satisfied, then R^j^ fonas 
a real abstract L-space in the sense of Kakutani 19 3 » 
henoe R^ is houndedly lattice complete (see page 35 of CSo])* 
therefore la| is well-defined. 

3 ji [^30 3, a L* -inducing m.l.f. is defined to he a 
m.l.f. which satisfies the following ccndition in addition 

to (1) - (5) . 

(6) For any a,h G A, |a*h| < jaj *|h|, where * 
denotes the product of A. 
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Howe Ter, HMte ^43] has shown that a m.lif. satis- 
fying (1) - (5) auLtomatically satisfies (6), and hence our 
definition is ec[uiTalent to that of H 30 . 

Me can now state B-ieffel’s characterisation of the 
group algebra of a locally compact abelian group* 

theorem HI : let A be a commutative, semisimple Banach 

algebra, k is isometrically isomorphic to 1 (H) for a 
locally compact abelian group H, if and only if, 

(a) every m*l,f, of A is l’~inducing 

(b) A is lauberian. 

We are now in a position to prove Theorem 3,3, 

Proof of Theorem 3,3 ; The ’if* part follows from Theorem 3.2 
of [[is]. Here, we shall prove the ’only if’ part. Let 
L^(Gr,A) be iscmetrically isomorphic to 1 (H), for a locally 
compact abelian group H, TiBn 1 (GjA) is Tauberian, Ifence, 
by Theorem 3,2, A is Tauberian. Thus, in view of Theorem Rl, 
our proof will be con^lete, if we can prove that every m,l,f. 
of A is 1' -inducing. 

Let m be any m.l.f. of A, Then, we have a m.l.f, 

(l,m) of L^(G, A) (see the proof of Theorem 3.2), given by 

(l,m)(P) = m( /PdX) = f (moP)dX 

V » /N / Q. G 

By our hypothesis and Theorem Rl, (l,in) is L’ -inducing. 

Ifenoe, 

(see S2.ll), Ifence 1 |ral | ^ ® satisfies (1). 

• 1 ^ 
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let us now choose some fixed f G » such that f 

is nonnegative with | |fj |^ = / fdx = 1. I^t a G Ehen 

G 

fa G 'because 

(l,m)(fa) = m / (fa)dx 

G 

= m(a) / fdX 
G 

= Ihll 
= lllfallli 

Ihis implies that if a > h then fa > fh, where the orders 
are those induced by m and (l,m) respectively, Qn the 
other hand, if P G PdX g because 

II / Fdx 11 > m( / Pdx) 

= (l,m)(P) 

> 

This implies that if ^ / PdX > / ^'^dx . low, 

let a,b G P^. !2hen (fa), (fb) G Since 

is a lattice, the least upper bound (fa)V(fb) exists. 

Let c = / (fa) V (fb)dX . Then, 

G 

c-a= / (fa)v (fb))dX - / (fa)dx 

G G- 

f r(fa)V (f^)- (fa)ndX 

G 

Since (fa)V(fT3) - S ^(l,m) 


, we have c— a G Pjjj^» aad henc^ 
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c > a. Similarly, we can proTB that c > b. Also if d > a 

and d > b, then fd > fa and fd > fb. Tfcerefore fd > 

(fa) V (fb) . therefore, d = / (fd)dX > / (fa) V (f^)«i^ = c. 

G ■" G 

Ihus, the least upper bound a \/ b exists, and we have 

avl= / (fa) V (fb)dX 

G 

Note, that the least upper bound (a\/b), if it exists, 

depends only on a and b. Ifence / (fa) V (fb)dx is 

G 

independent of the choice of f . Similarly, we can prove 

that a A b exists, and a a b = / (fa) A (fb)dX . Thus, 

G 

is a lattice with respect to the order Induced by m. 

Hence m satisfies ( 2 ) , 

Let a,b. G Since a V ^ have f(av ^) > fa. 

Similarly, f(a V h) ^ fb, Iherefore, f(aVb) > (fa) V (fb) . 
Ifence, 

lllf(avh) - (fa)V(fh)| 1 = (l,m) |l(aVb) - (fa)v(fb)3 

= m{ / [l(aVb)-(fa)V(fb) ]dX} 

= mCaVb)- /(fa)V(fh)dX] 

G 

= 0 . 

therefore, f(aVb) = (fa)\/(fb). Similarly, f(aAh) = 
(fa)A(fb), It is easy to show that if P G 
f FdX e and if aGS^ then Moreover, 

all the above relations for aVb and a Ah are true for 
a,h e 
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How, lei; a,! G sucli "tiial; a AH = 0 • Iten fs., 
e B(i and (fa)A(fH) = f(aAH) = 0. Since (l,m) 
is I’-inducing, we ha-ve | jjfa + flj ( j ^ = 1 | \ 1 1 

Therefore Ha+bH = ila-Hl|, and hence m satisfies (3). 


Hext, let a e A* Consider fa e L^(C»A) . Since 
(l,m) is 1* -inducing, we can write fa = + iBg with 

G I ® ^ i = 1,2, and 

a = / (fa)dA = / + i / I'g'iX . Also, let a = a^+ ia^ = 

aj Aa^ with 6 IV for i = 1,8, 3, 4. Ihen, each 

is 1« -inducing, fa^ and fa^ = fa^. Hence, a.^ = 

f (fai)dX = / (fa3)dx = ag, and similarly a^ = a^. IMs 
proirea that ®» satiaflea (4). We have also proved that 
Re(a) = / Re (fa)dX , and Re(fa) = f Re(a) • 

To prove that m satisfies (5), we shall first prove 
|a| := / IfajdX and jfal = fjaj . We have, 


/ Ifaldl - Re(e^e^) = / |fa|aA - / Re(e«fa)dx 

G 

= / [; lfa| - Re(e^fa)3dX 

>. Q since (fa| ^Re(e*®fa)* 

^ r 1-F«lrix > Refe^^a) for any 9 G £0,2%2» He^°® 

•Therefore, J lfa|dX > Ke^^e ^ 

S- I j tol s ■Re fe^a’) . Tterefore, 

/ Ifaldx > lal- Qd the otherhajid, IH > Re ( 

llal > f Ee(ei9a) = Re(eiefa). Stooe this is true for any 

9 e To, 8*1], "® IM - ^ I 1 

/ Ifaldx . Therefore, we have proved laj = f paldx . To 

G 



40 


pro-ve the second relation, we note that we have already seen 
fjal > Ifaj. therefore, 

lllflal - jfal (l,m) (f|al - Ifa] ) 

= B 3 

G 

=3 m ( 1 a| — / I fa| dX) 


Hence, |fa| = fjaj . 

Hew, since (l,m) is 1' -inducing, we ha-re j \ Ifaj 1 ti = 

111 l^al nil* Therefore, 
lla] 1 = 1 llfal 

= 111 i^ai nil 
= 111 hif nil 
= 11 hi II 

Ifenoe B satisfies (5) . Thus we hate prored that m 
satisfies (1) - (5), and hence m is I'.-lnduoing . Since b 
is an arbitrary m.l.f . of A, tto proof of the theoreB is 

complete • 

3.3 as a » as,ire algebra! How, we shall try 

to inrestigate conditions, under which K(G,A) is iscmetrioally 
isoBorphic to H(H), for soBe locally cOBpaot abelian group K. 
First, we prove the following theorem. 
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She orem 5 ,4 . If A=: M(H), for some locally ccmpact abelian 
group H, then M(G-,A) is iscmetrically isomorphic to M(G- H) . 

Proof: Sin.ce M(H) is the dual of Cq(H), by theorem 2.1 
M(G-,L'[(H)) is nothing but the dual of Gq(&»Oq(H)) . On tt^ 
otherhand, M(G- x H) is the dual of G|^(G x H) , Hence the 
theorem will be proved, if we prove that Cq(G,Gq(H)) is 
isometrically isomorphic to H) , let f G ^ * 

Por s G G, consider the function fg on H defined by 
f (h) = f(s,h). Obviously f„ G G (H) , Define the Gg(H)- 
valued function P on G by P(s) = ^ 3 * Item it is easy to 
see that P G C!o(G,Gg(H)), and that the association of P with 
f gives an isometric isomorphism between Gg(G x H) and 
Oo(G,Go(H)). Ihis completes the proof. 

In Theorem B of Cso], Rieffel has given sufficient 
conditions for a commutative Banach algebra A to be iscme- 
trioally isomorphic to 11(H), for a locally compact abelian 
group H. We shall use this to prove. 

Theorem 3.5 : If M(G) ® ^ A is isometrically isomorphic to 
M(G^) for some locally compact abelian group G^, then A 
is isometrically isomorphic to M(H) lor seme locally contact 

abelian group H. 

Under certain conditions (see §2.15) M(G) A is 
isometrically isomorphic to M(G,A). In any case, M(G) A 
can always be imbedded in M(G,A). Hence, Theorem 3.5 can be 
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taicen to “be a partial converse of Slieorem 3,4. Before 
proving HieoreiE 3»5y we state Rieffel*s result v/iiicli we 
need, 

let 1 be the collection of I’-inducing m.l.f.’s of A, 
Consider the -yir^-topology on 1, a continuous function p on 
1, is said to he a D-Bherlein function, if there exists a 
constant k > 0, such that, for any choice of points 

. ..,m^ of 1, and scalars a^, ttg,..., a^f we have 

I S a P(mpl <1C 11 S 

Ihe following theorem gives necessary and sufficient 
conditions for a coiomutative Banach algebra to be iscaaetrical^y 
isomorphic to the measure algebra of a locally conpact abelian 

group # 

Theorem R2 : let A be a commutative Banach algebra, 
and let 1 be the set of l*-inducing m.l.f.^s of A. Tl^n, 

A is isometrically isomorphic to M(H) for some locally 
compact abelian group H, if and only if 

(1) 1 is a separating family of linear functionals of ii. 

(2) D is locally contact in the ^-topology. 

(3) every li-Eberlein function is the restriction to I) 

of the Gelfand transform of some element of A. 

The *if’ part is nothing but Theorem B of [SO I* Ibe 
•only if'» part follows from the following and the familiar 
properties of Bourier-Stieltjes transforms. 
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Theorem 5.6 ; The L’-inducing m.l.f .!s of M(G) are 
precisely those given hy r j dual of G. 

Proof : let S he the structure semigroup of M(G) (see §4.3 
of M(G) can he identified ( §3.2 of [[391]) with 

a we ah'^-<iense suhalgehra of M(S) and under this identification, 
the m.l.f. ‘s of M(G) are given hy S , the collection of 
semicharacters of S . let f 6 S . Then, using the same 
arguments used in Prop os it icn 2.5 of also Propo- 

sition 2.8 of £30]]), we can prove that f represents a 
l«-inducing m.l.f. if and only if lf(s)| = 1 for all s G S. 

By 4.3.3 of [139 3, e S: \f\ = 1> is the canonical image 

of r in S, and hence our theorem is proved. 

Throughout the rest of this chapter we shall identify 

M(G) A with its canonical image in M(G,A) (see §2.13) . 

Under this identification, an element of M(G) ^ A, of the 

form 2 V. 0 a. with G M(G) and G A, is 

i=l ^ " 

identified with the A-valued measure ^ '^i^- 

CO 

tto positive measure v = .2 J 1^^ 1 rO-p. « 
see that v has a deriTOtlve with reject to v. Ihus, every 
element of M(a) ® , A has a derivative with respect to some 
positive measure in M((}) . H if 6 ^ and m 6 M .then 
under the above Identifioatian, the action of the m.l.f. 

(Y,m) on M(G) 0 y A, is gi^ven hy, 

Cr,m)(o)=«(/ vao)= / ^(mov). 

We are now in a position to prove Ibeorem 3.5. 
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.9^. 5 Lei; Mq^ denote tt© maximal— ideal space 

of H(G). Vife have rC and, by Theorem 3.6, F is the 
collection of L»-inducing m.l.f.’s of M(G) . The maximal-ideal 
space of M(G-) A is then given by Mq ^ M , with the 
i;^-topology coinciding with the product of the w*“topologies 
of and M . The collection of l*-inducing m.l.f .’s of 

A will be denoted by D, and that of M(G) ®y A will be 
denoted by , 

By our hypothesis, M(G) (S>y A has an identity. Hence, 
by Proposition 2,12, A has an identity which will be denoted 
by e , The identity of M(G) is denoted by 6 , The identity 
of M(G) (S>^ A is then the measure 6© which corresponds to 
6 ® e , 

We shall first prove 15 ^ = F x D, Por this, it is 
sufficient to prove the following. 

(I) Let f e Wg and m e t such that (f,m) e L 0 . 
Then f and m are l‘-inducing, i.e, f e F and m e B, 

(II) let m e D and yG F . Then (Y,m) G 

The proofs of (I) and (II) are similar to the proof of 
Theorem 3,3*, where we proved that m is a L*-inducing m.l.f. 
of A, using the fact that (l,m) is a l*-inducing m.l.f. of 
L^(G,A). Y/e note that all the m.l.f. ’s of the algebras involved 
lere, have norm one, since all these algebras have identity, 
how to prove the first part of (I)j we shall have to first 
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prove the following; (i) If v G tl^n ye G 
(ii) if then mocTGP^* Since (f,m) is 

I’-inducing, P^^ is a lattice under the order induced 
hy (f ,ia) • Using this, we will he able to prove that P^ 
is a lattice under the order induced hy f, with Wj|_VV2 " 
m^Qy^ie) V (vi 2 ®) H ^or g P^* In. this way, following 

the lines of the proof of Theorem 5.3, we wiH he able to 
prove the first part of (I) . The proof of the second part 
of (I) is exactly similar. In the case of (II), we shall 
have to use the fact that every a g M(G) ®y A has a deri- 
vative with respect to some positive measure. Thus, if 
do sPdv for some positive measure v and some P G I (*j,S,v,A), 
then we shall have o g if a^d only if (yP)(s) G P^^^ 

a.e.(v). If G I (G,S,v,A), with P^(s) G P^ a.e. (v) 

for i = 1,2| then using the continuity and other properties 
of the lattice operations, it is easy to prove that the 
function defined a.e .(>>) hy (P^VP2)^®^ = P^(s)VP 2 (s), 

belongs to lH&»S,v,A) . Using this, we shall he able to 

^ -jy ^ » o V . with d 0 . = P.dv for i = 1,2, 

prove that rf Og G P^Y,m)* i i 

then given hy 

= C( TSpI'i'' • 

we mil; tbe rest of the details of the proofs of (I) and (II), 
as these are nothtog hut repetitious of the arguments used to 

the proof of theorem 3.3. 
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Thus we havB = r x D. We shall hot/ proire that 

D satisfies oonaitlcms (1) - (3) of IheoremRS. let 
aj^.ag e A, such that a^. Tten ^ ba.^. By our 

hypothesis ana Iheorem R2, Kg, satisfies (1)-C3) of Iheorem 
E2, Ifenoe hy condition (1), there exists (y,o) 6 Dg, , 
such that {y,m) (aa^ ^ (v.m) (ea^) i.e. Ma^) ^ M^) ■ 

Since 1 >„ = r X B, B G D, and hence D satisfies cmditlon 

Qy p -n 

(1) of Theorem R2 , The w*-topology of = 

coincides with the product of the w»-topologies of r and 

B. Since Bg, satisfies condition (2) of Theorem R2, 

r X D is locally compact. Hence B is locally compact 
in the w*-topology, i.e. B satisfies condition (2) of 
Iheorem R2. Finally, let p he a B-Eherlein function. 
Define tto function B cm B® = r » B, hy P(v,m) = 
OhYlously, P is continuous. Mdreower, 

< ]£ j ( Z 


However, for any a e A 




< 1 1 i I (i((e) A)*"^ " 

= llj A)*"^'’ 
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Therefore, 

n 
2 

is=l 


< 5 ^ 1 1 ^ 1 


{IKG) ®-,A)* 

Henoe, E is a Dg, -Blertto function. But Dg, satisfies 
condition (3) of Theorem R2. Therefore, there exists 
oeM(&)®„A, such that, (Y,m){») =E(Y,m), for any ter 

„eB. Ifence, talcing a = / do , we ha.e a e A, and 

for any m G D> 

m(a) = m( / 

It 

:= (l,m)(a) 

= P(l,m) 

=s p (m) . 

of IlB orem E.2 . 

Ihls proves that D satisfies the ocndition (3) 

iiiis pruvcD ^ rn>v.nrem R2, lienee 

Thus D satisfies all the condxtxoas 

, i 3 isometrioauy ieomorphio to M(H) for some XooadXy 

compact ahexian group H. This coapletes the prop 

Theorem 3»5* 

, +-,mpfl hr.TJ.B* Tewari 

A Remark . WhlXe the thesis was being yp , 

pointed out that »ie part of Theorem 3.1 foXXc*B from a mor^ 
general result on tensor products, proted by d . HoXub an t^ 

identities and tensor products', 

paper, 'Bounded Approximate identiri. 

»7Mq 7?\ 443—445* Earlier, we were 
Bull. Austral. Math. Soc. 7(1972) 443-^ 

of this result. 


not aware 
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C50NTimjaJSLI [ERMSLATIITG MEASURES 


4.1 In this chapter, we prove that the continuoasly 
translating elements of M(G,X), are precisely the elements 
of Ij^(G,X) • lo prove this, we shall first characterise 

the relatively compact subsets of IiP(G,X). Throughout this 
chapter, G will he a locally conpact group with identity e, 
and X will he an arhitrary Banach space. We shall use the 
same symbol for any E G and its canonical image in 

M(G,X) , Thus, in our notation E(B) =/ E(s) dx(s), for 
any E G Moreover, the sets contained in S will also 

he referred to as measurable sets, 

4.2 Relatively canpact subsets of 

prove a theorem which characterises the relatively contact 

subsets of lP(G,X) for 1 < P < °°* 

Theorem 4,1 , A subset F of #(G,X) is relatively compact 
if and only if the following conditions are satisfied, 

(1) F is norm bounded, i*e, there exists a constant 

M > 0, such that for any EG F , 1 ! 1 Ip 

(2) Given c > 0, there exists a compact set ECU, 
such that sup { jEj^dXsE G F } < e . 
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(3) Given e > o, ihene exists a neighbourhood U of 
identity e in G, such that sup { | j [ I'-I'] j| saGTJ,FeF><e. 

3r P 

(4) for each measurable, relatively compact subset B 

of G, the set { f f(s)dX(s):I' G F } is relatively ccmpact 

B 

in S. 


[^Bote that / P(s)dX(s) is 
E 

since by Holder’s ineq_uality, / 1 e| 

cx(E)nVp'.3 


defined even for p > 1, 
(=) «(s) < |||I?ll|p 


Proof , She necessity of (1) - (3) follows easily from total 

boundedness of F . for (4), it is enough to note that tlB 

mapping P -* /f(s) dX(s) is continuous from lP(G,X) into X. 
E 

for sufficiency, we shall construct a 5e-net in F for 
any e > o» Choose a compact set K for as in. (2), 

and a compact symmetric neighbourhood TJ for e as in (3) . 
Choose a continuous non-negative function g on G, supported 
in U, with / g dX = 1, for f e F , let f* = and 

f** = g * f^. Then j ] If-f"*! 1 L = C ^ . 

^ G— K 

Also 

1 lg^^f(s)-f(s)jl = 11 /g(t)f(t“^s)dX(t)- /g(t)f(s)dX(t)ll 

(J U" 

< / I |p{t-^s)-i'(s)| Ig(t)aJCfc) 

"" G 

G 

note that / gdX = 1* 

Or 



50 


liius, 

\\\,.^-n\\,<z I / ii(^.,p-r)(B)ii®gct)dx(t):VP 

= C / g(t)dX(-t) I dX]^/P 

_ u ^ 

= e . 


Therefore, 


1 1 lip ill *^'1 1 Ip + 11 Is ^^-^l lip 

< lUlli lll^^'-^lllp + ^- 

< 2e . 

Jet F** denote the family of functions 

In view of the above inequality, an e-net in F 

give a 5 e-net in F • 

10 cWato ax. e^et to F« we ftoat pro^ F** 

is ax. eaaioox.ttououa family of ftoctme. Suppose e, > 0 

r A ( 1 . Choose a neighbourhood T o 

Let = sup UaCs ) J • 

° 1 for all a G V • 


sGK , , / 

e in G, such that ||g^S-gllp« - 


mi 


'1 
tTp 


Itex. for axxy S F**, a e T ax.d ^ 6 S. we 

|lP**(aa)-E**(o)n=ll / Cs(a3t)-S(rt)ni'*(^ 

< /l(asS-s*K^)l 

<iU-s*np. 


i/p 
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- I lsta®“8)| Ip' Zf I ll'*(t)| |£’sCt“^)di(t) jVp 

< I lag-slip. mVP[: 7 ||P*(t)||Pdi(t)lVp 

K 

i ^ 1 1 1^*1 1 Ip 

0 

< ^ . 


This proves equi continuity of F**, iTow, we shall prove that 
for any s G G, the set { P (s):P G F } is relatively compact 
in X. ¥e shall construct a Seg-net in this set for any e2 > q 
C onsider the function g v/hich is positive and continuous 
on G, and supported in TJ. let m' = sup rACs"^) 1 . Let 


n 


s G TJ 


®i*® disjoint, measurable, 

I?— 1 

relatively compact subsets of TJ, such that 

^8 


I < 

.1 


0 

let h = h» A“^. Then 

ll^gllp»=il(^'-gA)A“^ll , < — Itp • 

0 

Now for any s G G, and P G F , 

||g»i’*(s)-h*P*(s)|| < / |(g-h)(st)| l|P»(t-bl| ax(t) 

G 

< iu(g->i)iip.[;/ iip*(t-bi|fdx(t)nVP 

Jr Q. 

= Il(s-b)l L,C/ll*'*(i=)ll®Mt-V(t)3Vp 

^ K 


= rlli^*llli 
< ^2* 


I |P*(t)| pdx(t) 3 Vp 


I I i. F 

R« 3 . 

i«k 
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In view of this ineq.uality, any eg-net in the set {h-»F*(s)t 
S' G F } , will give a 3eg-net in {P**(s)sl' G F } • Kow, 

■* ^ 

h^ (s) = S a.(x^ A~^)*i'*(s) 
i=l ^ ^i ^ ^ 

“ ifi e P*(r^)ajct) 

“ lii s 

n 

= .2 a^A“^(s) /xjj (st“^) F*(t) dX(t) 

i=:l S i 

ifl ‘^1 I‘(t) dX(t). 

EJ^s HE 

®y (^)> sets { / E(t) dX(t):P G F } are relatively 

ET^s n K 

contact for 1 < i < n, and hence it follows that the set 
* 

{h^ (s):F G F } is relatively caapact in X* ®ais, we oan 
construct an Cg-net in this set, and from this we will get a 
3eg-net in { I'**(s);P G F}. This proves that {P^^Cs) i 
p** g p*# j relatively compact in X, for any s 6 &• 

We note that the family of functions F** is supported 
in the compact set TJX. Considering F as a family of 
continuous functions from TJX into X, we see that this family 
satisfies the hypothesis of Iheorem 7*17 of (Ascoli’s 

theorem) . Hence it is relatively compact in the tocology of 
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imiform con-vergence on UK, i.e. in tbe supremum norm. Uow 
an X (UK) this norm will give an e-Jiet in 

F** with the H !«| 1 L norm. As we have already proved, 

ir 

this gives a 5e-net in F . Since e > 0 is arhitrary, we 
have proved that F is relatively compact. This ccmpletes 
the proof. 


Kor £=0, the ccmplex field, condition (4) is redundant 
and we get Weil’s theorem finite 

dimensional spaces also. Oondition (4) is important whenever 
X is infinite dimensional. Indeed, whenever £ is infinite 
dimensional, the following is an example of a family F C1^(G,X) 
satisfying (l)-(3) hut not (4). lahe Y C X such that Y 
is hounded hut not relatively compact. Take t £ iP 4 0 » 

How define F = F fy* y G Y } . 

Oondition (3) is the left eq.ui continuity of the functions 
in F . A similar theorem can he proved with left eq.uicaatxnuxty 


replaced hy right equicantinuity . 

Ibeorem 4.2-. A subset F of if (S,X) relatively oompaot 
if and only if F satisfies ocnditions (1), (2) and (4) of 
Theorem 4.1, and the follcwing condition. 


(3) 

identity 


Given e > o, there exists a nexghhourhood U of 

e to a suohthatsupdllv^nlp*^®'’’^®''’^"' 


4: # 1 • 


The proof of Theorem 4.2 is 
One has tot ake F = * g 


similar to that of TlKcxrem 
in place of i* = S# > 
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and f A-^g dx = 1 In place of / gdx = 1. Similar changes 
& & 

have to he made in the definition of h. T/e emit the details. 

If we demand both right and left eq.uicontinuity, tten we 
can shov 7 that condition (1) follows frem the rest. In otlBr 
words, we shall prove, 

Th eorem 4.3 A subset F of (G,X) is relatively compact if 
and only if the following conditions are satisfied. 

(1) Given e > 0, there exists a compact set K C G- 

such that sup { f l^'j^ ^ G F } < e . 

G-K 

(2) Given c > 0, there exists a neighbourhood tJ of 

identity e in G, such that sup { 1 j 1 lp»l I l^a~^i I Ip® 

a e TJ, P G F} < e. 

(3) for each measurable relatively contact subset E 

of G, the set { J f(s) dx(s): f G F} is relatively compact i^ X. 

E 

proof. The neoesslty of the conditlans is obvious. For 
suffioleuoy, to view of Theorem 4.1, it is enough to prove 
that (1) - (3) imply that si® { | ] 1^1 1 Ip'*' e f ) = « < ”• 

For € = 1, choose a ooipaot set K C G as to (1), md a 
oompaot neighbourhood U of e to G as to (2) . Choose 
such that is a cover of K. tot 

- . 1 r ■w/’t’i dx(t). i?l»n (f*-I’)(s) 

f e F and E‘(s) = Jj ^ ^ 

= 1 / (F(t) -J(s)) dx(t). Therefore, 

HG ) ^ 
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I 1 (I''-I!')(S)| 1 < / 1 li’(t)_I'(s)| I dX(t) 

sU 

= { I |l'(st)-F(s)| I dX(t) 

< Cx^ ^ I lP(st)_P(s)j p dX(t)]Vp^ 

Hence, 

/ iP'-Pl dx < / dX(s) / I |P(st)_I'(s)| |®di(t) 

= rC^ .{ I |lP(st)-P(s)l|J’axCs) 

u K 

< 1 . 

Also, for any a e U and any s e G, we have 
j I P* (as)-P' (s)l 1 = 1 ^ ^'(■b)<iA(t)| j 

iCxW 

p-Qw { —r^ f 6.x t (})eF}is relatively compact, therefore 

sup { 1 1 / <f> dX I I J (|) e F } < ~. ^ 1 i x(irj 

/ <l'dX ||: (fre F } , Then I tl" (s- )|1 < 1^1,2,. ,,n. 

_ TT * ' i 
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Since Us^'s cover K, and | jl'' (aSj_)-I'’ (s^)l | <a for all 

a G TJ and 1 < i ^ n, we have j jl" (s)j | ^ N+a for all 

s G K. Therefore, f IP’ p dX < (I+a)^ x(K) = e^(say). 

K 

But / dX < 1. Therefore, / dX < (p + 1)^. Thus 

K “ K “ 

f jBj^ dx < (p + 1)^+ 1, and we can tate M = • 

G 

This proves the theorem. 

4 .3 Oontinuously Translating Elements of 

2 

We now prove that the elements of L (G,X) are the only ones 
in M(G,X), which translate continuously. More precisely, we 
prove. 

Theorem 4.4 ; If u6 M(G,X) is such that s -* gW or s -* Vg 
is continuous, then w G L (G»X) . 

Before proving the theorem, we prove a few results. 

The first result is concerned with convolution of elements 
of L^(G) and M(G,X). ks discussed in §2.12, given any 
M G M(G,X) and v e M(G), we can define v * v and v * v 
as elements of M(G,X), and these satisfy eq.uatiQns (2.1) 
and (2.3), As premised there, we shall now prove. 

Theorem 4.5 . If y G M(G,X) and f G 1^(G)» 
and f belong to L (G,X). 

Proof . Since G^,(G) is dense in 1^(G), and f ■* v ^ £ 

(or ' f * w ) is continuous, it is sufficient to prove the 
result for f G 0^(1), let f G C^(G), Then f is 
u-integrahle for any n G M(G,X), and we can define an 

X- valued function 3? hy. 
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F(s) = / f(t"^s) dp(t). 

G 

It is easy to proire that P e 0^(0-, X) . Bence P is 
X-me asurahle , Als o 

ll^'(s)|l < / |f(t“^s)l dY(y)(t) 

G 

< V(ti) ^ Ifj (s) 

Since V(y) * jfj £ L^(G), we see that P £ L^(G,X), Let 
be any element of X*. Then, for every Eel, 

<t> (P(E)) = <l>( f p(s) dx(s)) 

E 

= / (4>oP)(s) dX(s) 

E 

= / dX(s) ^(/ f(t“^s) dy(t)) 

E G 

= / dX(s) f f(t”^s) d (<J>Oy)(t) 

E G 


= (4> oy) * f (E) 

= <l>o (w* f)(E), (see the proof of 

Proposition 2,16) 

Since is an arbitrary element of Z% we have P(E) = 
w * f(E) for any B e S. Therefore, y * f = P e l\g,X) . 

The proof that f * w e L^(G,X) is similar . 



If V £ M(G,X) and f Q Gq(®)» then we have the 


following, 
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y*f(s)= / f(f ^s) dy(t) 

G 

f*y(s) = f(st“^) dy(t), 

G 

1 1 

We can now show that if f G L (G,X) and f G h (G), 
then the two ways of defining f^f and f *1' are equivalent. 

If f G I^(G,X) and f G Gq(G), then hy the corollary above, 
we have , 

F*f(s) = / f(t“^s) fCt) dX(t) 

G 

We have obtained this by defining f^f through §2,12, 
after considering F and f to be measures. However, 
considering F and f to be functions, and using §2,10, 
we have another definition of F*f, According to this 
definition, 

P*f(’s) = / f (■fcs) F(t"*^) A (t"^) dx(t) 

G 

= / f (t“^s) F(t) dX(t) . 

G 

Thus both the definitions coincide, and since O^CG) is dense 

1 1 

in 1^(G), this is true for any F e i (G-»X) and f G !> (&) • 
For f -it F, the situation is the sane, 

W6 now prOV6 "two 16IIII13*S • 

Igmss^a. let M 0 M(S,X) . Then the following are e^nlTOlent . 
(1) V is absolutely continuous with respect to X . 
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(2) For any measurable, relatively compact set E C G? 
the function s - y (Es) is continuous. 

(3) For any measurable, relati-vely compact set BCG, 
the function s -» v (sB) is continuous. 

proof. Let v G M(G,X), be absolutely continuous with respect 
to X , sin<3- le't E be any measurable, relatively compact subset 
of G. Let s G G, and let e > 0 be given. Choose 6 > 0, 

such that for any E’ C G, X(E’ ) < 6 implies V(v)(B‘) < P . 
This is possible, since V(v) is absolutely continuous with 
respect to X . how x^, G L^(G), since E is relatively 
compact. Hence s -> x^s is continuous, and we can choose 
a neighbourhood V of s^, such that for any s G F, 

1 I^Es “ ^Es 1 1 1 ^ any s e V 

X(Es AES^) = X (Es - ESq) + X (ESq-Es) 

= I l^Es " ^Es^! 1 1 

< 6 . 

Hence, for any s G F, 

|l„(Es) - »(Bspll = 1|P(ES -Esp -v(Bs„-Bs)l| 

< v(v)(Es - ESq) + F(y) (ESj^-Es) 

= 7 (ii ) (Es A Es^) 

< e , 

Ihls shows that s - » (Es) is oaatlhuous. Ihls prowes 
(1) => (2). Ihe proof of (1) => (3) similar. 
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Por the proof of (3) => (!)» let v6 M(G-,X), such 
that (3) is satisfied. let E he any ccmpact subset of Gj 
such that X(E) = 0. Then the function s -* |lv(s 
is continuous. Let v e M(G) he defined hy dv= , 

where TJ is a relatively compact neighbourhood of e. Then v 
is absolutely continuous v^rith respect to X . Hence v* Y(ii) 
is absolutely continuous with respect to X . Therefore, 

v/e have , 

0 = V* Y(y) (E) 


/ V(u) (s"*^) (iv(s) 
G 

= / ■V(v) (s"^) <iX(s) 

U 

> I 1 lvi(s'’^B)i \ dX(s) 

“ H 


Since s - llv(e-^)ll a noimegatlve conttaucus function, 

lly(s-^E)ll =0 for any s s Interior tJ . fence 1W(B)11 - 0 
in the came way, l|u(E')ll = 0, for any neaaurable S<C B. 
Hence y(u) (B) = 0. fhis shows that .(.) 
continuous with respect to X . This proves (3) _ > 
pnoof of (2) ==> (1) 


is 

note . The proof of (3) => (1)» ^ 

of vector-valued case. 

Lemma 4.2. let ueM(G,X) and let B 


adaptation of §19 .27 
■be any measurable. 
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relatively compact subset of G, Then the functions s -* p(I1s) 
and s -* y (sE) vanish at inifnity. 

Proof, let e > 0 be given. By regularity of y , there 

c 

exists a compact set K C G, such that Y(y) (K ) where 

— 1 

is the complement of K. let = E“* K. Then is 

relatively compact, and for s ^ Bs C Thus, for 

s i K^, 1 ly(Es)l 1 < e . This shows that s y (Es) vanishes 
at infinity. Similarly we can prove that tlB function 
s y (sE) vanishes at infinity, and our proof is conplete . 

y/e are now in a position to prove Theorem 4,4. 

Proof of Theorem 4.4 . let yG M(G,X), such that s ■* gy 
is continuous. Then for any measurable set E C G, s -* ^ (E) 

ss y(sE) is continuous. Ifence, by lemma 4.1 and lemma 4,2, 
we can conclude that for any measurable, relatively contact 
set E CG, the functions s -* y (sE), s y (s ^ s y(-i!'S) 
and s -* y (Es*"^) are continuous functions vanishing at 

infinity. 

\7e now take a fixed con^pact neighbourhood Uq of the 
identity e in G. let V be the family of all neighbourhoods 
of e, contained in TJ^, directed under inclusion. Take any 
wet?. Then X(w) < since W is contained in the compact 

set Let f, = Xr "w ® 

|jf^||^=l. How, * V* f^ G M(G,X), and < l{ylU* 
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Let F = {5'Y/JVf G By Theorem 4,5, F C L (G,X) , We shall 

nov/ prove that F , as a subset of L (G,X), satisfies 
conditions (1) - (4) of Theorem 4.1 

Since for any ¥ G , 1 j 1 1 p = 1 i 1 U1 1 y» 

we see that (1) is satisfied with M = IIvIIy* 

6 > 0 Be given. Choose a compact set C G» such that 
V(v) (K°) <s . let K = K^Uq. Then K is compact, and 
for any W G » / 1 iBrAs)! j dx(s) = Y(r^)(K ) ^¥(u) ^ 

/ v(u) (X°s“^)dX(s). low for any s G E° 

and for any t G ¥, st”*^ G K^.* IBerefore for any t 6 W, 

K^t”^ C and thus Y(u)(K°t ^) < e , Hence 

/ iii'.,(s)ndx(s) <^fnv) 

G-K W 

/ dx(t) = e, 

W 

Thus F satisfies condition (2) of Theorem 4,1. 

Again for e > 0, we tate a ne IgBjourliood n of e In S, 
such that for any s e TI, | Iv i ' • possihla 

since s - u is continuous . Iten for any W 6 P and for any 

s 

s 6 D,| 1 l^V^l 1 1 1=1 Is^" *%)-'■ * 4l IV 1 Is "* % 

_ u * f,lly= ll(s« -P) *%llTi lU” -"llvll^lll - " • 

Ihus F satisfies condition (3) of Itoorem 4.1. 

Plnally, let E he any measurable, relatively c»®act 
subset of S. »e shall show that {%(E)sW e P) re relatively 
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compact m X. Birst we note that since B is relatl-rely 
compact, the fanotlon s - ^(23'^ ^ a oontlnuoas function 

vaaishing at infinity. Ihns this function has sep enable 
range. Hence hy Eroposltion 2.16, eq,uatlon (2.2) Is walid 

for u • 

S/B) = I u(Et-'-)df,,(t) = ^ / u(Et-i)axCt). 

Sinoe t - u (Bt-^ la continuous, and 

function t- v(Bt-^) is uniformly continuous on l.e., 

given c > 0, there exists a neighbourhood % ^of e, such 

that for any s,t 6 with ofS 1 ) - 

-1m 1 / Hover U with finite numher of right 

u(Bt ) < 0 

. r w s . Then any T/ e 1? can he 

translates of Wq> ^ ^^o®i^i=l 

^ vf where ^Is are disjoint measnrahle 
expressed as tf = ''l- ''i® 

„ „ X s for some l<Ei <“• 

cats and each Wj, C -1 . W . Ihus, for 

o e W X, an^ hence ss^^^ 6 ^ ■" 

s e then s e 

1. I <: e . therefore, 

sew^.llhCBsjh - "(Eo )11<- 

^ 1 

m X(W-) i^CEskf)., 


I “ 5^1 "’TciT 


1 11 £ / t(Es-V(a)-J,‘ 

xWT ‘’i:=i W- ^ 


1 “ ; llu(Es-V»(B%>il 

- i=i w.. 


i rrf7 


£ / dX(s) * 
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Let Y 'he the finite dimensional linear space generated hy 

{y(Es“^)}^^^. fhen we see that for any \1 & V , there exists 
e Y, such that | - a^-^1 j < e . Since {%(E):W e V} 

is hounded, { a^:¥ G '0 } is a hounded subset of the finite 

dimensional linear space Y. Hence { &V} is totally 

hounded, and we can obtain an e-net {a,;. . in 

“W(i) 1=1 

{a^^:W e } . Lhen it is easy to see that 

a 3e-net in {E^-^(E):¥ e , Since e is arbitrary, we can 

conclude that {E^y(E):?if G } is totally hounded and tence 
relatively compact in X. This shows that F satisfies 
condition (4) of Theorem 4.1, 

Thus F satisfies all the conditions of Theorem 4,1 and 

1 

hence F is relatively compact as a subset of 1 (G,X) • 

Therefore the net {E^sW G } has a subnet which converges to 
1 

some F G L (Gr,X) • let E be any measurable relatively 
compact subset of G. Then the corresponding subnet of 
{E^y(E):W e V } converges to P(E). Ho\-;ever, since E is 

relatively conpact, we have E^y(E) = ^ y(Et )dx(t), 

■as has been already shown. Since B is relatively ccmpact 
t - u (Et“^) is continuous. Hence, given e > 0, we can 
choose a neighbourhood U of e in G such that for any 

t G U, 1 luCEf^) - u(E)| 1 < e . Then for W C H and for 
tew, }lw(Et“^) - v(E)ll < e. Therefore, for W G V and 
W C IT, 
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1 I < A u(St‘‘^)_y(E)}(iX(t)l I 

^r(ly ^ I lKEt"Vy(B)iidx(t) 

- ^ • 

Therefore, the net e t? } converges to u(E). Ifenoe 

any subnet of it also converges to u(E), and thus y(E) = 

E(E) for any measurable, relatively compact subset E of G. 

Since p and E are regular this equality remains valid for 

1 

all measurable subsets E of G. Thus p = E e 1 (G,X) . This 
completes the proof of one-half of the theorem. 

For the proof of the other half of the theorem, let 

V e M(G,X) such that s -* p_ is continuous. Then, for 

s 

—1 

any measurable set E C G, s -* vig(E) = aCs" ) p(Bs) is 
continuous. However s — a(s) is continuous. Therefore, 
s -♦ u(Es) is continuous. Hence, by lemma 4.1 and lemma 

4.E, we can conclude that for any measurable relatively conpact 

_1 

set B, the functions s p(sE), s -*• p(s E), s -* p(Es) 

-1 

and s -* pCEs” ) are continuous functions vanishing at 
infinity . 

The rest of the proof is similar to that of the first 
half of the theorem. Instead of Eg = y * we shall have 
to take E„ = frr * v , Theorem 4.2, instead of Theorem 4.1, 

w w 

will be used to prove that F is relatively compact in 
L^(G,X), and as before we will be able to conclude that 
w G . This conpletes the proof. 
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tounaed approximate identity, we can use the arguments of 

(3.3) of CsHHi '*^0 show that this map is injectiye. 

Oansiderlng the net {f^} C 1^(G), as defined In the 

proof of Theorem 4.4, it is easy to see that {f } 

w 

emerges to F for every F e C^(G,X), This shows that 

elements of the form f*F for f g L^(&) and F e C^(G,X), 

are dense in Gq(G,X). Hence, by the module factorisation 

theorem ( §32.22 of [[14;]), we have that any F e OqCG,X) 

can be e^spressed as f *F* with f e Ii^(G) and F» e 0^^(G,X). 

Thus, the above map is surjective. For f g O^CG,!), let 

1 I |F| II denote the nom of the pre image of F under the 

above map. We already have, |||F|1| < | | | | . ifence, 

00 @ 

the lemma will be proved if we prove 1 1 |F| | | ^ 1 I 1^1 1 loo * 

0 “ 

Taking the net {f > as considered above, we have f * F -* F 

w ^ w 

in the 1 | 1 *| | l^o norm. However, by the open-mapping theorem, 

I 1 1 • I 1 1^ is equivalent to | 1 1 . 1 | L* Therefore, | 1 |f^* ^1 1 1 ^ 

. But i = 

11|F|1|^. Hence | 1 iFl 1 1 < 1 | iFl 1 1 ^ and the lemma is 

Qy 

proved. 

lemma 5.2 . let f e 1^(G), B 6 G^(G,X) and u e M(G,X*). 

Then 

<u*f,F> = <u,f*F>. 

Proof . The lemma is true for the scalar-valued case, where 
a simple application of the Fubini theorem gives the result. 
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Wow let X e X. Then Xqu 8 M(G), and we ba-ro, xo(v*f) 

= (xoy) *f (see the proof of Proposition 2,16), let 
g e 0^(G) . If P = gx, then 

<y'»’f,P> = / P(-s) d(y *f )(s) 

G* 

= X ( / g(-s) d(yl^ f)(s)) 

G 

= / g(-s) d(xo(y * f ))(s) 

Gr 

- / g(--s) d(.(xoy) *f)(s) 

Gr 

= < (xoy) 4^ f, g > . 

On the other hand, 

<y,f*P> = x(/f *g(-s) dy(s)) 

G 

= /f*g(-.s) d(xoy)(s) 

G 

= <xoy,f*g> 

Since, the lemma is true for the scalar-valued case, we have 
<(xoy) ^i'fjg > = < xoy ,f -H-g > 

Hence, 

< y * f , P> = < y ,f *P > 

n 

By linearity, this is true for any P of the form Z 
with each g^ G Oq(s) and Xj_ G X. Since functions of this 
form are dense in Cq(G,X), the result is true for any 
B G Oq(G,X), and our lemma is proved. 



69 


It is well-loiom that tte convolution of two elements 
f,g e I (9), oan be expressed asa I,^(S)_Taluea vector 
integral as follows (see §6.6 of Chapter 3 of [^28]). 

i»g = g»f= / (g)_^ f(B) 

A similar result can he obtained for f e I^(G,X) and 
g e L (G). Since s -* is continuous, it is easy to 
pro^e the integral g(s) dA (s) exists as an element 

of I^(G,X). Let 4. e X*. Then <J»oF e L^(G), and it is 
easy to prove that 4>o(F*g) = ( .foF) *g and <^o(g*F) 

= g* ( (j) 0 F). Uow, since <^oF e 1^(G), we have, 

(<|)OF)^fr g = g* ((j)oF) = / (<froF) g(s) dX(s) 

= f ^o(F ) g(s) dX(s) 

(x 

= ♦( / (FUggCs) dX(s)) 

Hence, 

<j>o(F*g) = (to(g*F) = ■( / (F) , g(s) dX(s)). 

G 

Since <{> 6 x"^ is arbitrary, we have proved, 

Lemma 5 .3 . If F g L^(G,X) and g G L^(G), then F*g 
= g *F :p: / (F)_g g(s) dX(s). 

This lemma allows us to identify the invariant operators 
from L^(G) into L^(G,X), with the L\G)-module homomorphisms . 



Lemma 5>4 « Let T "be an invariant Lounded linear operator 
from L^(G-) into L^(Gr,X) , Then T G Hcciq.(L^(G-), L^(G,X)), 
i.e, T(f *g) = f *T(g), for any f,g e I> (G) . 

Proof* let f,g e ► 2!hen using equaticn (5*1) 

T(f*g) = TC / (g)_s^(s) dx(s)) 

& 

= / (log ) f(s) dX(s) 

G -s 

= f (^og) g f(s) dx(s) (sijice I is invariant) 

G 

= f * T(g) . 


This proves the lemma* 

Similarly we can prove, 

lemma 5.5. let I l>e an tovariamt bounded linear cperator 

■ ' ' ' " ^ 

of L^(G,X) . Ihen T G Hom^ (I* (G,X)) . 

5,2 The space Ham(j (^^(G)* L^(G,X))s We shall now 

/jlfr) \-^(G.X)) is iscmetrically isomorphic 

prove that Hcmg. (1 v.g;, Jj 

„v,/q « £• M^G X"). then ccB:^idering 

to jt(G,x). If f e 1 (S) ana ueMtG.xj, 

f as an element of M(G). b • f 

M(G,X). By Ibeorem 4.5, u * f e Since ( u , f)^ 

n. n T-f- follows that f -* w f is a 

- w it f for any s G G» loxj-ow ^ 

bounde/linear invariant operator fr» X^O) ^ * 

By Xemma 5.4. this defines an element of Hcm^d «I), 

We now prove, 

rrhr^ L^(G.X))* 2ihen there 

Theorem 5*1* ^ G Hcdiq, ( ( > _ 

1 P KfG such that 1(f) = a, f fot an, f ex (0). 

exists a w G M(G,i/j s 
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Moreover -this correspondence gives an isometric iscmorpliism 
iDctween HcoIq^CI'^CG-) » and M(G-,X)* 

proof. Let T e Hom^j (L^(G) , L^(G,X)). Considering the 

' 

natural isometric imtedditig of X in its second dual X » 
l^CG X) can "be imbedded isometrically in MCGjX**). Ifence 
I C3I1 *bB ooixsidored as an elemsni} of Hcan^ (^)j M(G'jX 
Wltb the same norm. However, is iscmetrioally 

isomorphic to 0 „(G,xV ^>7 I^orem 2.1. Hence, by Rleffel's 

result <m module homcmorp hisms (see 12.14), there exists 
. e (l^S) ®G Oo^*^.^*))* with llMl = 


for any F 6 Co(G,X*) and f 6 1 ^( 8 ) • 

been considered as an element of MCG,!**) which is the 
dual of Og(G,X*). However, hy lemma 5.1, 1 (0) ®G Oo^®>^ 

is isometrically isomorphic to 0 „(G,X*) urder the map 
f ® y - f »F. Hence, there exists y e B(G,X ) with 

for any EG 0„(8,X*) -d f G 1^(8). l^hce hy Ie«a 5.2, 
we have 

< > :s<V*fj^^ 

(c T*) therefore, ni(f) = u » f , ^ 

for any ^ & 0 (G,X }. ^ 

-1 ♦ +h«n nf U with I is obviously 

^ 0 L^(G)’. She association, of v 
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linear, and since | 1 v| 1^ = | | , the proof of tte theorem 

will he complete if we prove that y tahes values only in X. 

Lot? us iiOlcB 1>]i6 canonical map ^ from onio “fclic 

quotient spaoe T = Z'^Vx. Consider the Y-valued measure 
V = il* 0 y • Obviously v e M(G,T) and v* f =s $o (w ♦ f), 
for any f 6 However y* f = !Il(f) e and 

hence for any E e 2, w * f(E) e X. This means that 
V* f s 0 for any f G . Consider v as an element 

of M(G,Y^*) which is the dual of Oq(G,Y*). lake any 
E G Cq(G,Y*), Then E = f ^E» for some f G I«^(G) and 
5'’’ C 0^(G,Y*) (see the proof of Lemma 5*1), Iherefore, 

<V,E> a= <v,f*E’> 

« < V* f, E' > 

= 0 


Hence v « o, i.e. ^o(y(E)) « 0 for any EG 2. fhis 
shows that w(E) G X for any E G 2, and our proof is 


complete • 


Oorollary i Hom^ (h^(&), is precisely the set of 

i i 

invariant hounded linear operators from L (G) into L (G,X) • 


6,3 Invariant Operators of L^(G,X) t We now characterise 

the invariant, hounded linear operators of L (Gr,Z) • ® 

JL 

he such an operator, Then^ hy lemma 5,5, 1 G Hciag,(L (G-jX))* 

1 

Take any x € X, and .define a mapping ^ 
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L^(G,X) "by “ T(fx) * It is easy to prove that 

I 6 Hcmg(I.^(S), l^S.X)). Also liyi < 11=^11 ll’^ll • 

.lAr 

Therefore, hy Theorem 5,1, there exists a measure M(x) e 

M(Ct,X), such that T^(f ) = M(x) * f , and ( jM(x)| < 

I jxj 1 j |T| I , It is easy to see that x -*M(x) is linear, 

and hence from T we have obtained a hounded linear operator 

M from X into M(G,X) with jjlH < such that 

1 

T(fx) « M(x) ^ f > for all x G X and f G h (G) • 


Conversely, let M he a hounded linear operator from X 


into M(G,X) • Then (f,x) -♦M(x) *f gi'^es a bilinear map 
from L^(a) X X Into I,^(G,X), such that 1 1 lM(x) » fj 1 li = 

llMW»fl|^< IIMWIU |lf|U< IWI 11^11 llfllr 

hy the unlTOrsal property of tensor products with respect to 
hounded hiUnear maps (see SE.5), « get a bounded linear 
map I' from I.^(G) 2 into l\g,X) with 

1 lull, such that T'(f ® x)=M{x),f for any f S 1 (S) 


and X 6 X. However, 1^(0) ®^ ^ isometrioally 

isomorphioto I,^(G,X). Hence we get a bounded linear 

operator 1 of lV,« [ |l| 1 < 1 W 1. such that 

I(fx) = M(x) *f, for any f 6 iHs) and x 6 X. let s G S 

Ihen I ((fx)P = =«W*^s= 

Since functions of the form S ® 


X. G X, are dense in 

X 

continuous in. Ii (Gr»^)» 


Ij^(G,X), since translaticn is 

it follows that I is invarient. 



By the previous paragraph, we can obtain a bounded linear 
transformation from 2 into M(G-,X), associated with I. 

It is easy to see that this transformation is nothing but M, 
and henoe IImHIHiH. therefore 1 1 Ij j « j |Ml 1 , and it 
is easy to see that this association is linear* Hence we 
have proved, 

Iheorem 5.g . HoiRgCiV.X)) is precisely the set of tomided 
linear invariant operators of Ii^(fl|X), and this space Is 
isometrioally isomorphic to L(l, M(G- , X)) , the space of 

bounded linear operators frcm X into M(Cf,X) . 

5.4 Mnltlollers of let A be a eomutative, 

semlslii^le Banaoh algebra with an identity e, such that 
j|e| 1 tas 1. We first prove a couple of lemmas* 

lamma 5.6 . A bounded linear operator of 1 (a, A) is a 

multiplier if and only if S is Invariant and I 6 
(B^(G,A)) . 

troof . Let I be a multiplier of l\s,A) . Then for any 
f e Ii^(G) and S' G L^(a»A)i 

I(f*I>) = 1(19 *®) 

= fa ♦ TCP) 

« f f Ti'E) 

tt trht* and hence IE is Invariant. 

Therefore T G SoiIq (i ^ 

^ \ r as defined in the proof 

next, talee the net 
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of IteMem 4.4. let P e Ll(a,A). Ustog tlte oonttouity 
Of s ^ Pg, it is easy to prove that * p 1* P, 
a e A, and IP e I*^(G,A) . Ihen 

Teas') a T [; lim * (aP) ]] 

= 11m T(f^ (aF)) 

= lim T((f a) f) 

w ^ 

^ [I(V^ "" 

4= lim (f * aT(F)) 
w ^ 

s= a !D(F) . 

Hence, T Q Hom^^ (1^(G,A)). 

Conversely, if T is invariant (i*e. T e Haai(j(Ii^(G,A)), 
and T e Hoci^(L^(G,A) ), then for any a e A, f e 1^(G) and 
F* e ii^(G,A), 

T((fa) ♦F*) = [D(a(f*F‘)) 

« a T(f*F*) 
sr a[;f*T(F’*)3 
= (fa) # T(P») 

Since linear combinations of the functions of the form ’fa’ 
are dense in L^(G,A), we have T(F*F*) = F«a!(F’) for 
any F,F’ G L^(G,A). This completes the proof. 

The next lemma is similar to Ti»orem 4.5. 



Lemma 5.7 . If W e M(G,A) and S' e L^(G,A), then 
U * F e L^(G-,A), 


Proof. Let us take any F of the form F e fa for a G A and 
f 6 L^(G-) • Then, v ^ F = y * (fa) = a(ii #f) . But hy Ibeorem 
4.5, u * f e L^((x,A). Therefore v* (fa) G L^(G,A) , Since 
linear comhinations of functions of this form are dense in 
L^(G,A), it follows that y * F G L^(G,A) for any F G L^(G,A) . 
This completes the proof. 


Let y e M(G,A) and consider the hounded linear map 

T from L^(G,A) into itself defined hy T(F) = w * F . 

Since (y*F) = v*F for any s G G, it follows that 

s s 

T is invariant. Also since y * (aP) = a( v * F), 

T G Hom^ (1^(G,A) ) . Hence, hy Lemma 5.6, T is a multiplier 
of L^(G,A ) . In the following theorem, we prove that all 
the multipliers of L^(G,A) are given hy elements of M(G,A) 
in this way. 


Then 


Theorem 5.5 . Let T he a multiplier of 1^(G,A) . 

there exists a v G M(G,A) such that T(F) = y * F for all 

F G L^(G,A). Moreover, this correspondence gives an 

“Jl 

isometric isomorphism between Hem i (i (G»A)) 

Jj (GfA) 


M(G,A) . 

Proof . Let T he a multiplier of L^(6,A) . Then hy 
Lemma 5.6, T G Hom^. (L^(G,A). Therefore, hy Theorem 5.2 
there exists MG L(A,M(G,A)) with | 1 m| | « 1 1 » such 
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that !l)(f \) S3 M(a) f, for any a e A and f 6 By 

ieiraa^ 5 6 agaxn, T 6 Hom^^ (L^((^jA)) Iherefore, 

f(fa) ~ T(a(fe)) 

=* a T(fe) 

« a (M(e) ^ f) 

= M(e) * (fa) 

Since, linear combination& of functions of the form ‘fa’ are 
dense in L^(G,A), we have for any P G Ii^(G,A), T(r) = u *• P, 
where u « M(e) Now, | Iv 1 |y < 1 | ] |e| | j jf | | On 

the other hand, |lj3}(r)|lj^< jlvll^ II 1^1 I If Therefore 

I i®l 1 ^ I 1*^ I ! This proves | jy 1 ] = I !®1 1 » obviously 
this association is linear This completes the proof 



CHAPTER VI 

SaiE RESULTS OH MULTIPLIERS 

6*1 In "fehis chapter, we shall derive some results 
on multipliers of any regular, commutative, semisin^le, 

Tauber ian Banach algebra A satisfying the following 
condition . 

There exists a constant K > 0, such that for each 
neighbourhood V of any element m of the maxmaal- 
* ideal space M of A, there exists f e A with Gelfand 
transform ^ supported by V, such that — Lf 

and 1 jf 1 1 < K/1 Imj . 

We shall see that any Segal algebra on a locally occ^act 
abelian group G, in particular L (G)» satisfies this condition. W' 
note that there are regular, commutative, semisimple, Tauber lan 
Banach algebras which do not satisfy this condition. Eor 
example, we can take the space 0^[l0,l3 of continuously 
differentiable functions on which forms a Banach 

algebra under point-wise product with the norm |lfl 1 

I |lft| lo^ where f* is the derivative of f. We now 

investigate whether the vector-valued group algebra L (G,A) 
satisfies the condition * • We prove, 

Iteo rem 6.1 8 let A te a regular, eommutative, semietasle, 

let G be a locally conpaet 


Tauberian Banach algebra, and 
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2 _ 

alDelian group . Then 1 satisfies the condition * 

if and only if A satisfies * • 


proof. Let M he the maximal-ideal space of A, and let r 

he the dual of G. Then r x M is the maximal-ideal ^aoe 

of L^(G,A), and ll(Y,m)jj ^ * (see §2.11). 

1 (G,A) A 

Let A satisfy *, and let Y he an arbitrary neighbourhood 
of an arbitrary element (Y,m) e r x M , Then we can find 
neighbourhoods and Wg, of y and m respectively, 

such that W^x W^C V, Choose f G l\g), such that 
f(Y) = 1, f is supported in and l|fH^= 1. This is 

possible by 2.6.1 of [[34]. Since A satisfies * , we 
can find a G A, such that a(m) = 1, a is supported in W 2 
and lla|| < latlng J = fa 

we see that 1 1 1^1 1 1 1 £ ^/1 1 ^ 

a(m) f(Y) = 1, and P is supported in W^^xWgCf. This 
proves that L (G,A) satisfies * • 


Conversely, let L^(G,A) satisfy ft . Let W be an 
arbitrary neighbourhood of an arbitrary element m G M . Then 
V = r X w is a neighbourhood of in r x ^ • Since 

L^(G,A) satisfies * , we can find P G L (G,A) such that 
P((l,m)) - 1, P is supported in Y, and 1115*11111 

a(m) = / MX) = (1, »)(!') = 1- ^ “ supported Jh f 

G 
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and l|a|l = 11 / PdX 11 < 11|S[|.| < K/|l(i,m)|| , ,= 

^ L (GjA) 

K/| 1 * * proves that A satisfies * , and the 

the theorem is proved. 

6.2 fhe main results : We now prove the main results 
of this chapter. Let A he a commutative, semisimple Banach 
algebra. Let T be a multiplier of the form L = ^2 » 

where is an invertible multiplier, and ^ 

idempotont multiplier. Lhen it is not difficult to see 
that 0}^(A) is closed. Indeed, if I is of the given form, 
then we first note that closed. lo see this, 

let f^ e IglA), for n = 1,2,3,...; and let f^ ** f. Then, 
since Tg is an idempotent !P2^^n^ " ^n* Be^®® ^2^^^ “ 

which shows that Tg(A) is closed, Uow, since T^ has a 
continuous inverse, it maps closed sets to closed ^sets. 

Therefore, T(A) = T^CTgCA)) is closed. Now, since the 
multipliers commute with one another, we have T =: Tj|_ Tg. 

Since T^ is invertible, T^ is also invertible. Also 
t| = Tg is an idempotent. Therefore T^(A) is also closed. 
Thus, if T is the product of an ider^otent and an invertible 
multiplier, then T^(A) is closed. In what follows, we 
try to prove a converse of this fact for certain ^ecial 
commutative Banach algebras. 

Theorem 6.8 . let I be a multiplier of a regular, comutative, 
semisimple, Tauberlan Banach algebra A satisfying the omdltlcm 
* . Then I®(A) Is closed if and cmly if ^ product 

Of an idempotent and an invertible multiplier. 
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Before proving Theorem 6,2 v/e prove a few lemmas. 

Lemma 6 ,1 . Let T he a multiplier of a Banach algebra A 
as in Theorem 6.2. If I is an ideal in a, such that 
T(I) is closed, then T is bounded away from 2 ero cn W = M 
- hull T(I) = M-.(T~^(0)U hull I). 

Proof > Since T is continuous, we can taJce I to be 
closed without loss of generality, Nov;, by the open- 
mapping theorem, there exists > 0, such that for any 
f e T(i), we can find g G I, such that f = T(g) and 

lull <%llfll- 

Let m G W, Now W is open, and hence v;e can choose 
a compact neighbourhood V of m contained in W. Since 
A satisfies * , there exists f G A, such that f is 
supported in V, f(m) = 1 and HfH < Kj Iml E 

is a constant independent of m and Y, Since T is a 
multiplier, T(I) is an ideal. Also, it is given to be 
closed. Now, since f has compact support disjoint frcm 
hull T(I), regularity of A implies f G T(I), Ifence we 
can find g G I, such that f = T(g) and |jgj| < 

£ KK^/1 jm] 1 Therefore, 1 = f(m) = T(m) g(m) = |T(m)g(m)j 

< li(in)| l|mt| , lUll < UWl “r Ilierefore, |T(m)l > 
1/KK^. Since m is an arbitrary element of Yif, we can 
conclude that T is bounded away from zero (m W. This 
completes the proof. 
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let A be any commutative, semisimple Banach 
algebra. let 1, be multipliers of A such that 
!E^(ni) = (T(m)) for all m e M satisfying l(m) zf: o. 

Then T is the product of an idempotent and an invertible 
mult ip lier . 

Proof. let Tg = T^ T , E = T^T and K = T“^(o) . Then 
we see that 


TgCm) = 


0 cm K 
1 

(TCm))” outside K 


c 

and E = , where K is the ccmplement of K. Thus E 


is an ideii5)otent. let T* = T+1.E, where I is the identity 
It is easy i 

and TE = T. Therefore, 


operator. It is easy to check that TgT = T^ T^= E^= E , 


TgE == Tg 


T»(Tg+I^) = (T+I-E) (Tg+I-E) 

= E + T2-Tg+ T-T + I-E 
= I. 


Hence T* is invertible, Finally, we note that T = BT = 
E(T+I-B) ss ET’, Thus T is the product of an idempotent 
and an invertible multiplier. This completes the proof. 


Proof of Theorem 6,2 , We have already noted the proof of the 
*if’ part. For the ‘only if^ part, let T be a multiplier 
such that T^(A) is closed, let K = T”^(0) , Then 
hull T^(A) = hull T(A) = K, Now T(A) is an ideal and 
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!I}(IE(A)) = is closed. Hence, by lemma 6.1, 1 is 

bounded away from zero on tie complement of K. Ifence 

K Is open and closed. Since A is regular and lauberian, 

K is a set of spectral synthesis, i.e. the only closed ideal 
with hull K is k(K) = {f e AJ f = 0 on K} . Ifence^ 

= 1£(I0 . But l^CA) C1 (a) Ck(K). therefore 1 (n) 

= T(A) = k(K) . iUso if f G k(K) and l(f)=0 , then I 

is identically zero. Since A is semisimple, get' f = 0. 
Hence f , the restriction of 1 to k(K) is a^centinuous 
bisection of k(K) onto k(K) . Therefore T»** = 

continuous. Also, for all f G k(K) 


T'^f) (m) 


'(i(m)r^ f(m) on 


0 


on K • 


Consider T^ = Tq 
into A, sucli that 


I is a bornided linear fran A 


r“ A 


(i(m))'^ iCn) 


0 


cm K • 


n- Hsr and ® satisfy the hypothesis 

Ihus is a multiplier and Ip, ^ ^ ia,^<rtent 

. T ? Therefore T is ^>he product of an id »6 

of Lemma 6,2. Thereio ts complete, 

and an in^.tible multiplier, and the proof is oomp 

that if I la the product of an idempotent 
we have seen that 

and an inwextihle multiplied » ® 
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about the converse of this fact? lemmas 6.1 and 6.2 can be 
used to provide partial answers to this question. 

Theorem 6.3. let T he a multiplier of a commutative Banach 
algebra A as in Theorem 6.2, whose maximal-ideal space M 
is connected. Then T(A) is closed if and only if either 
T = 0, or T is invertible. 

P££of. The >if» part is obvious. Bor the ‘only if* part, 
let K = T” (0) . If T(A) is closed, by lemma 6.1, 3! ig 
bounded away from zero on , Hence K is open and closed. 

Since M is connected, either K = M or E is empty, in 
the former case, T is identically zero, and hence 1=0. 

In the latter case, hull T(A) is enpty, and hence T(A) = A, 

Also if T(f) = 0, then f = 0, and hence f = 0 by semi- 
sin^licity. So T is a bisection, and hence T is invertible. 
This proves the theorem. 

The orem 6 «4 « let T be a multiplier of a ccmmutative Banach 

A 

algebra A as in Theorem 6.2, such that T vanishes at inf ini 1^. 
Then T(A) is closed if and only if T is the product of an 
idempotent and an invertible multiplier. 

Proof , The *if* part follows from the first paragraph of 
this section. Por the 'only if' part, let K = T“^(o). If 
T(A) is closed, E is open and closed and T is bounded away 
from zero on E°« Since T vanishes at inf ini 1^, is 

coii5)act. By regularity, there exists f e A, such that 
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jZ , c 

= 5(^c» since K is a neighbourhood of itself , Since f 
has compact support disjoint from K = hull (1(A)), we hai^ 
f e 1(A). So there exists g e A such that f = i(g), 
i.e. for any m e K°, l(m) i(m) = i. Defining l^(f^) = 
we see that 1^ is a multiplier, such that 1^, i 
satisfy the hypothesis of Lemma 6,2, Iherefore 1 is tie 
product of an idempotent and an invertible multiplier, 
lids completes the proof, 

Ihese results enable us to prove the following hnown 
theorem QseJ on isometric multipliers of Banach algebras 
satisfying the hypothesis of Iheorem 6.2, 

Iheorem 6.5. If 1 is an isometric multiplier of a commu- 
tative Banach algebra A as in Iheorem 6,2, then 1 is 
surjective, and for all m e M , |l(m)| = 1. 

Proof. Let 1 be an isometric multiplier of A. Ihen 1^(A) 
is closed, Ihus by Iheorem 6,2, 1 = El’, where E is an 

idenpotent and 1’ is an invertible multiplier. Let 
K := E (O) , Ihen K is open and closed. If E is nanenpty, 
choose f G A, such that f 0, and f is supported in K, 

Ihen l’(f) is supported in K and hence 1(f) = E(lQf)) = o. 
But this contradicts the fact that 1 is an iscmetry, Ihus 

A 

K is empty, and hence E(m) = 1 for all m G M • Iherefore 
E = I, and 1=1* is invertible and hence surjective. 
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To prove tte rest of the assertion, let be the 

inverse of T. Then T^ is a multiplier of A, and for all 
m eM , T^(m) = (TCm))”^. Hence, for all m e W , jT(in)j 
<j|T|j = l, and = jT^(m)j < I [Tj 1 = 1. Therefore, 

|T(m)[ = 1 for all m G M . This completes the proof. 

Remark « As has been already proved in [] 26 ]] , Theorem 6,5 
is actually true for any regular, commutative, semisimple, 
Tauberian Banach algebra. 

In view of Theorem 6,1, the following is now obvious. 

Theorem 6,6 . let A be a Banach algebra as in Theorem 6,S, 
and let G- be a locally cocpact abelian group, let T be a 
multiplier of 1^(G,A) , Then T^(1^(G,A)) is closed if and 
only if T is the product of an idempotent and an invertible 
multiplier. Moreover, if T is isometric then T is 

X 

surjective, and T is of modulus one, 

6.3 Application to Segal algebras : A Banach subalgebra 

(S, j 1 .| 1 ) of 1^(G) is said to be a Segal algebra if S is 

2 1 
a translation invariant dense subalgebra of 1 (&) y such that 

for every f G S, the mapping t -*■ f^ of G into S is 

continuous, and ” I lulls’ every t G It 

follows from the definitions, that there exists seme constant 

a > 0, such that | (fj « 1 1^1 Ig* usually this constant 

is assumed to be 1. From the definitions, it is easy to 

prove that S is an ideal in 1 (G) and j |fi*-gj jg ^ 

jjfj[^Hg||g for any f G and gGS. Alsc^the 
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maxiJnalL-ide al space of any Segal algebra is nothing but 
the dual of G, and any Segal algebra is semisimple, regular 
and lauberian. Examples and discussion of these and other 
properties of Segal algebra, can be found in 
We now prove, 

Pr op osit i on 6 « 1 , Any Segal algebra S on a locally compact 
abelian group G satisfies the conditicai * . 

Proof ; let V be an arbitrary neighbourhood of an arbitrary 

element Y of r . Choose f G S, such that f^(Y) = 1, 

1 l^il I 3 S. ^/1 I * • Choose fg G 1^(G), such that 
^ s ^ 

fgCv) = 1, j 1^2111 “ ^ ^2 supported in Y, Ihis is 

possible by 2.6,1 of • let f = f2*f2* f G S, 

= 1. I l^lls 1 IlfElIl ll^lHs ^^/IIyIL , . ana f Is 

b 

supported in Y, This proves that S satisfies the condition * 
with K = 2 , 

In view of this, the results of §6,2 are applicable 
to Segal algebras, and we get 

Theorem 6,7 . Let T be a multiplier of a Segal algebra S 
on G, Then T^(S) is closed if and only if T is the pro- 
duct of an ideiqpotent and an invertible multiplier. Moreover, 
if T is an isometric multiplier, then T is surjective 

A 

and T is of unit modulus* 

These results can be used in a siii|)le manner to prove 
the following loiown result on Segal algebras (see Proposition 
2.2 of C 21 ]), 
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theorem 6.8 . If G is non-compact, then the only contact 
multiplier of S is the zero operator. 

Proof. lat 1 he a compact multiplier of a Segal algebra S 
on a noncompact group G, let us take any complex number 
^ 4 0, Ihen the range of T- xi, where I is the identity 
operator, is closed by Theorem 4,23 of Since T-XI 

is also a multiplier, it follows from lemma 6,1, that 
K={y 6 1 : T(y)=^}= hull [3 (!^-^l)(S) 3 is open and closed, 
let k(K°) = {f e Si f(Y) = 0 for all Y ^ K} , Consider T', 
the restriction of T to k(K°), Obviously T’ = XI on 
k(K ), How 1* is compact, and therefore k(K ) is finite 
dimensional, let its dimension be n, let K be nonempty 
if possible. Since G is noncompact, r is nondiscrete. 

Hence any nonempty open set in r has infinite nimber of 
points. Therefore we can find (n+1) points 
all belonging to K, and compact neighbourhoods 1 • ***^1+1 
of XjLjXgj •• *, 2 ^ 4.1 respectively, such that ^ for 

i 7 ^ j, and Y^QZ for i = l,2,,,,,n+l. Choose f ^ 6 S 

for i=l,2,,,,,n+l, such that = 1, and support of 

f- C V.. Obviously forms a linearly independent 

set of k(K°)'. But this contradicts the fact that the 
dimension of k(K°) is n. Hence K is empty, and therefore 
T(y) ^ X for all Y G r . Since X is an arbitrary nonaero 

A 

complex number, we concinde that 1 (y) = 0 for all Y G 1 • 
Hence T = 0> and this completes the proof. 
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G-^icks'berg* s conjecture ; GlicksTDerg 121 [^V]] 

conjectured that for ye M(G), y * L^(G) is closed if and 

only if y is the convol-ve of an idempotent and an 

invertible measure. As observed by Glicksberg, this is 

true if r , the dual of G is connected or if ye b^(G-) . 

This also follows from Theorems 6,3 and 6,4. Glicksberg 

also noted that to prove the conjecture, it is enough to 

1 

prove that if y * 1 is closed then there exists an 

1 1 

ideiipotent v e M(G), such that v*L =y*Ii, This fact 
can be obtained as a ccxnsequence of lemma 6,2 as follows. 

lemma 6 ,5 . Let w e M(G) be such that w * L (G) is closed. 

Suppose there exists v e M(G), such that v is an idempotent 
1 1 

and v*L = v#!. Then w is the convolve of an 

idempotent and an invertible measure. 

Proof , Take any t G ^ » such that v(y) ^0. Taking any 

f G L^(G), such that f(Y) 0 , we see that, there exists 

1 ^ 1 
g = y^^fe U*L, such that g(Y) ^ 0. Since g e v ♦ L , 

there exists f^^ G L^(G) , such that f^(''^) ^(t) = g(t) 0 • 

This means that '’(y) 0. Similarly, we can show that if 

v(y) ^ 0, then pCy) ^ 0. Hence v” (o) = v" (0) = K (say). 

Since v is an idempotent, v =x c* y* v = y , 

K 

Since y * L^ is closed, following the same arguments 
as in the proof of Ti^orem 6,2, WC- get y * L — 
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V * L = k(K) = { f G Ij S f=0 on K } . Since u#(v* L ) = 

1 1 

(ii#v) *L = y ^ L , we see that y# (k(K))=:k(K) . It is easy to 

see from the uniqueness of Courier transform, that tie map 

I given hy !I!(f) = w * f, is an injection on k(K). ifence 

I is a hijection of k(K) onto k(K) , let be the 

inverse of this map . Ihen is a bounded linear map 

1 

from. k(K) onto k(K) . Consider the map frcm I into 

given by !r^(f ) = f) * It is easy to see that 

is bounded linear and 




T^(f)(Y)=. 


0 


on k® 
coa K 


Hence multiplier of L^(G) and Iji and 1 

satisfy the hypothesis of Lemma 6.2, therefore 1 is the 
product of an idempotent and an invertible multiplier, i.e, y 
is the convolve of an idempotent and an invertible measure* 
This proves the lemma. 


\7e shall nov 7 go one step forward towards the proof of 
Glickberg’s conjecture by proving, 

Iheorem 6.9. Let p G M(G) such that y * L is closed. 

' ■■■ ■' ■ ■ ■■■ 

If there exists a bounded projection P of L (G) onto 
y * L^, then V is the convolve of an idempotent and an 

invertible measure. 

Before proving this theorem, we note that this result 
is stronger than Lemma 6.3. In Lemma 6.3, one assumes tte 
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existence of a measure v with certain properties v/hich is 
eq.uivalent to the existence of an invariant bounded projecticai, 
i.e, a bounded projection which is also a multiplier. Por 
compact groups, the existence of a bounded projection onto 
a closed translation invariant subspace, implies the existence 
of an invariant projection onto the same subspace (see Theorem 
5,18 of 11.35]]). However the following example due to 
Rosenthal (page 20 of []33][) shows that this is not true 
for noncompact groups. 


Let G = R, the group of real numbers. The dual of R 

is R itself. Let I = { f G L (R)tf(n) = 0, n integer} . I 

is a closed translation invariant sub^ace and hull I =: &, 

the set of integers. Since R is connected, there cannot 

be any idempotent measure v e M(R), such that v * L (R)=I. 

1 

HowoTor^ wo can cons'ti^ucij or iDoiiiidod projjocijioii of 1 (Gr) 
onto I as follows . Let f G L (R) • Then 



oo 

( 2 
n= 


oo 

lf(x+2im)l ) <ix= 2 
‘ n= 


/ jf (x+2iin)}dx 
o 


= llflll< ”• 


Therefore, Z lf(x+eim)|<” for almost all x to [p.Sit) - 

so we oem d^toe a map D from R(R) tote 

I L f(x+2iin) for X 6 \o,Z%) 


Uf(x) « 


0 


for X ^ jo»2ic) 
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It? is 0a,sy ‘to see ihai U is a TDoundGd liiiBar opGraior and 

that the map f -> f - UI', is a hounded projection of l\b,) 

onto I • 

y/e now prove two lemmas. The first lemma is of a 
trivial nature , 

lemma 6«4 » let (S,2 ,ij) he a measure space with y a prohahi- 
lity measure • let H he a closed convex subset of the 
complex plane G,' and let f he an integrahle fimctioa on S 
with f(S) C H, Then / fdP e H. 

Proof . Take any ^ H, Choose e > 0 such that 
D(Zj^,e) G H is empty, where D(ZQ,e) is the closed disk 

of radius e around By separation theorem, there exists 

a linear functional on 0 which strongly separates D(ZQ»e) 
and H. This means that there exists a real number a and 
a e vrith 0 <0 < Sic, such that Re(e^®ZQ) < a and 
Re(e^®Z) > a for any Z e H. Bence for any s G S, 
Re(e^®f(s)) > a. Therefore, 

Re(e^®/fdu) « a = / Re(e^f)dy - a / dv 

= / [[Re(e^f(s))-a 3dy(s) > 0. 

Ifence Re(e^®/fdy) > a. Therefore fdy ^ 

yfdu ^ Zq. This is true for any Z^ ^ H, and hence J*fdv G H, 

This proves the lemma. 
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Lenmia 6.5 . Let L CM(G), such that for any v G L, v(IJ) CH, 
where U is a neltj,hh our hood of some Yq 6 r j and H is a 
closed convex subset of the complex plane , let P be a 
weak*-limit point of 1. Then pCYq) G H. 


Proof. Suppose u(Y^) = ^ H. Ohoose e > o such that 

L(Zoje ) n H is empty. Choose a compact neighbourhood 

V of Yq , such that V C U , and for any y G V, v ( Y) 

S D(2q>e). Choose k G 1 (&)» such that k is supported 

in V, k > 0 on r and f k(Y)dY = / k(Y)dY = 1. Since 

1 “ r V . 

k G 1 (r), by inversion theorem, k(x) = / (x,y) k(Y )dY , and 

r 

hence k G C^(G). Now for any X G M(G), 


<k,X> = f k(-x) dX(x) 

G 

= / (/ (-X,T) k(Y)aY)dX(x) 

G r 

= ^ k(Y)dY (/ (-x,y) dX(x)) 

= / X (y) k(Y)dY 

V 


Since kdy gives a probability measure on Y, and ^(Y)C 

A 

'’(U) C H for any v g 1, we can use Lemma 6.4 to conclude 
that for any V G L, <k,v> = / v(y) k(Y)dY G H. Since v 
is a weak*— limit point of L, and H is closed, we have 
<k,JJi> G H. On the other hand, for any Y G Y, jp(Y) - 
ZqI £ e • Hence, 
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|<k,U> « Z^j a I /k(Y) y(Y)dY ~ / zl{Y)dY| 

' O' ^ Y Y ^ 

< 7 |m(y) - ZjU^)dY 

< E / lc(Y)(iY ~ e 

V 

Therefore, <k,n> G J>(Z^te) Since D(Z^,e) is disaoiiit 
from H, this is a contradiction This contradiction proves 
the lemma 

1 1 

Proof of Theorem 6 9 let K = m“ (O) Since n 1 is 

closed, hy Lemma 6 1 we conclude that K is open and closed 

It follows that P 1 ’ L^(Gr) =5 I k(K) !={f0l f — Oon IC) 

Let g e L^(G) le a weak'^-limit point of I Since K Is 

open, taking any Y G K and putting K forU,fO}for H 

and I for I in Lemma 6 5, \/e see that g(Y) = 0 Therefore 

1 

g G I, and hence I is a we ak'*^- closed ideal in 1 (6-) Also 

1 

there exists a hounded project ton of L (L) onto I Hence 

1 

hy Theorem 4 of [3 II > see that T = v 1 (G) for some 
idempotent ^ G 1 (^) Therefore bj lemma 6 3, it follows 
that P IS the convolve of an idempotent and an invertible 
measure This completes the proof 

B Host and P Parreau [Il^H have proved Glicksberg*s 
conjecture by using the concept of cribical points discussed 
xn [I 39 K In view of our generalisations of Glicksherg’s 
results, we can ask the question whether Glicksberg’s oonjecture 
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1 

is true for algebras other than 1 (G), for example, it 
will he interesting to see whether the conjecture is true 
for Segal algebras. To treat this question, we need methods 
different from those of (3 16 [] , where the special nature 
of L (G) has been used to get the result for 1 (G) . In 
view of the considerable efforts required to prove the 

i 

conjecture for 1 (G), we can safely say that the general 
case will not be at all easy to resolve, and it gives us a 
challenging open problem. 
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